	Background Information

	Content/Course

	Geometry 

	Unit

	Unit Five: Circles with and without Coordinates

	Lesson Title 
	Defining Radian Measure and Arc Length 


	Essential Questions/Enduring Understandings Addressed in the Lesson

	Essential Questions

· How is visualization essential to the study of geometry?
· How does the concept of similarity connect to the study of circles?
· How does geometry explain or describe the structure of our world?
· How do relationships between angles and arcs enhance the understanding of circles?
· How can reasoning be used to establish or refute conjectures?
· What is the role of algebra in proving geometric theorems?

Enduring Understandings
· Objects in space can be transformed in an infinite number of ways and those transformations can be described and analyzed mathematically.
· All circles are similar.
· Relationships exist between central angles and the arcs they intercept.
· Representations of geometric ideas and relationships allow multiple approaches to geometric problems and connect geometric interpretations to other contexts.
· Properties of geometric objects can be analyzed and verified through geometric constructions.
· Circles can be represented algebraically.


	Focus
Standard(s)  Addressed in This Lesson
	G.C.5 (Additional)
Derive using similarity the fact that the length of the arc intercepted by an angle is proportional to the radius, and define the radian measure of the angle as the constant of proportionality; derive the formula for the area of a sector.
This lesson plan focuses on the relationship between the length of an arc and the radius of a circle, thus defining radian as the constant of proportionality.  This lesson plan does not address deriving the formula for the area of a sector.


	Coherence 
Relevance/Connections

	How does this lesson connect to prior learning/future learning and/or other content areas?
Connections to prior learning 
· This lesson begins by building on the idea of the circumference of a circle and the measure of an arc in degrees. 
· Previous standards in this unit discussed the similarity of all circles and relationships among angles, chords and subtended arcs on a circle.  These discussions would have used degrees as the measuring unit for angles and arcs on a circle.
· Similar figures and the proportionality of their corresponding parts were discussed in a previous unit as well.

Connections to future learning
· In future lessons students will derive the formula for the area of a sector of a circle.
· In a future course students will convert degrees to radians and vice versa moving toward using only radians to measure angles and arcs in higher-level math courses.
· This lesson could also be used support the standard in Algebra II F.TF.1 (Additional)


	Rigor

	Procedural Skill
	Warm-up/Drill: Students review the procedural skills for circumference.
	Activity 2: Students are measuring the radius and an arc to calculate the proportion 	between the two.	
	Activity 3: Students are working together to practice the arc formula.
Conceptual Understanding
	Activity 1: Students are building the concept of the definition of a radian.
	Activity 2: Discussion portion of the activity where students connect the relationship 	between arc length and circumference.
Modeling
	Motivation/Closure: Students are given the same problems for the Motivation activity and 	the Closure/Exit ticket; they complete the modeling process during the exit slip.  These two 	activities work together to allow students to model the newly learned concepts. 

	Student Outcomes 

	The student will:
· Use similarity to derive the fact that the length of the arc intercepted by an angle is proportional to the radius.
· Define the radian measure of an angle as a constant of proportionality.
· Determine the length of an arc if given the length of the radius and the radian measure of the central angle subtending the arc.
· Determine the length of the radius of a circle if given the arc length and the radian measure of the central angle subtending that arc.


	Summative Assessment
(Assessment of Learning) 

	What evidence of student learning would a student be expected to produce to demonstrate attainment of this outcome?
· If given the radian measure of an angle and the radius of the circle, the student will determine the length of the subtended arc.  
· If given the radian measure of an angle and the arc length subtended by a central angle, the student will determine the radius of the circle.
· The student will be able to determine the effect on the arc length produced by making changes to the measure of the radius.  For example, students will be able to answer the question, “How will the arc length change if the angle remains the same but the radius is doubled?”


	Prior Knowledge Needed to Support This Learning
(Vertical Alignment)
	Students need to know:
· The meaning of “constant of proportionality”.
· Students should understand the idea of direct variation or proportionality.
· Students should be able to solve for x or y in an equation of the form y = kx.
· Students should understand that all circles are similar to one another.
· Students should understand that corresponding parts of similar figures are proportional.
· Students should understand the meaning of related vocabulary – arc length, radius, central angle and sector.
· Students should know that the circumference of a circle is given by the formula 
C = (2π)r and be able to solve for either C or r if given the other.  
· Students should recognize C = (2π)r as an equation representing direct variation or proportionality with 2π as the constant of proportionality.


	Method for determining student readiness for the lesson

	How will evidence of student prior knowledge be determined?
· Students will determine the circumference of a circle or the length of the radius using 
C = (2π)r.  This evidence will be gathered during the warm-up.
· Students will determine the radius of a circle or the length of the circumference using 
C = (2π)r.  This evidence will be gathered during the warm-up.

What will be done for students who are not ready for the lesson?
· Student grouping should be set up in heterogeneous groups to account for students that may need additional support. 


	Common Misconceptions


	· Let s = arc length.  Let r = the length of the radius of the circle.  Let θ = the measure of a central angle that subtends an arc. In the relationship s = θ·r, where θ must be in terms of radians in order to determine s if given r or r if given s. 
· The word radian does not need to follow a radian measure.
· A radian measure need not always contain π.  



	Learning Experience

	Standards for Mathematical Practice (SMP)
	Component
	Details

	SMP #5  Use appropriate tools strategically.

Students will need to recognize when and if to use a calculator to determine the approximate circumference.  Students who receive a card containing the approximate circumference will need to recognize that their measure for the radius may not be exactly what it should be.  Also, students will need to surround 2π with parenthesis when dividing by this quantity.
Students could be encouraged to use estimation instead of a calculator to complete this activity.

SMP #6  Attend to precision.

Since some measures for circumferences are given approximately, students may be required to realize that the calculator result for the radius of the circle may not be exactly correct.

	Warm Up/Drill

	Review of C = 2π·r
Materials Needed
· One copy of the cards for matching activity (see page 14).
· Calculator

Preparation
· Cut the problems out to create cards (see page 14).

Implementation
· Give each student one card displaying either the circumference or the radius of a circle.  Each circumference is given in both exact and approximate form, the approximate based on evaluating the equation using the π symbol on a calculator.
· Instruct students to determine the missing piece of information, circumference or radius, for the circle on their card.  Students with a radius will determine the exact or approximate circumference.  Students with the circumference will determine the radius.
· Students should examine the cards of other students in the class, searching for the other two students whose cards describe the same circle.
· Students with cards describing the same circle should then sit down together.
· These groups will work together on other activities in this lesson, they should form groups of 3.

UDL Connections
· Differentiation could be implemented by determining which students receive cards that have the radius and which students receive cards that have the circumference.
· This task provides the opportunity for students to actively participate and to communicate with others.

	SMP #4  Model with Mathematics

Students may be challenged to determine what information would be needed in order for them to actually be able to answer these questions.

Students may be required to sketch a figure to represent each situation.

	Motivation
	Materials Needed

· Motivation Problem 1 (see page 15)
· Motivation Problem 2 (see page 16)
· Motivation Problem 3 (see page 17) 
Preparation
· Copy of the three problems mentioned below are available on pages 15, 16 and 17, to give each group one out of the three Motivation Problems.

Implementation 

· Give each group one of the Motivation Problems (pages 15, 16 and 17).
· Pose the following prompts/questions to each group to discuss
· List the information that you know from the given problem.
· What is the measure of arc referenced in the problem?
· What information would you need to know to answer the question that is posed?  There is not enough information given to actually solve these problems.
· How does this problem relate to the circumference of a circle?
· The point is to discuss with students that knowing the measure of a subtended arc in terms of degrees is not the same as knowing the length of the subtended arc.  In other words, knowing the measure of a subtended arc in terms of degrees is not the same as knowing how far one would have to travel from one end of the arc to the other.
· Use this time to reinforce student understanding of vocabulary words such as arc length and central angle.

UDL Connections
· The problems can be posed with the diagrams provided or students could be asked to create diagrams in order to ponder the questions.
· If leaving out information essential to the problem causes anxiety or frustration, students can be told that these problems will be actually solved by the end of the lesson.
· Additionally students could be asked to write an equation, using what they know about circumference, for the arc length.


	SMP #8  Look for and express regularity in repeated reasoning.

Students are expected to notice that the central angle created by correctly following the directions is the same no matter what size circle is used.  The teacher can draw an even larger circle on a writing surface in the classroom to illustrate since students will only be using three circles in each group. 

	Activity 1 





	Materials Needed
· String.  Each person in each group will need one strand.  Extras should be available in case some pieces break.
· Scissors.  There should be at least one pair per group.  More scissors will make the activity go quicker.
· Straight-edges.  Rulers may be used.  The only purpose is to help students draw a straight line for each radius they create as instructed below.
· Three different sized circles.  Label the circles as Circle A, Circle B and Circle C.  Each group of students should be given a packet of circles so that each student in each group has one circle.  (See pages 18, 19 and 20)

Preparation
· Cut long strands of string ahead of time to pass out to students, each student will need one strand.
· Gather scissors and straight-edges to pass out to groups.
· Copy the circles on pages 18, 19 and 20.  Make one packet of circles to hand out to each group.

Implementation 
· Students should be instructed to find the center of their circle by folding the circle in half twice.
· Students should be instructed to draw a radius of the circle.  Any radius is fine.
· Students should be instructed to use a piece of string to “measure” the radius by laying the string along the radius and cutting off the excess.  See page 22.
· Students should be instructed to lay the same piece of string along the circle from the point where the drawn radius meets the circle and then to draw a second radius from the point where the string ends.  See page 22.
· Students should be instructed to cut out the sector of the circle created.
· Members of each group should compare the central angle that has been created.  They should notice that these angles are all the same.  It may be advantageous to lay the sectors on top of one another.  Students could discuss within their groups why this happened.  
· As a class share their conjectures.  The teacher should emphasize the fact that the central angle is the same regardless of the size of the circle.  Therefore, the measure of this angle must be a property of the angle and not of the circle from which it was created.
· Discuss that one radian is defined as the measure of the central angle when the length of the arc subtended by the angle is equal to the length of the radius of the circle.  Therefore, the measure of the central angle created by following the directions about the pieces of string is one radian.
· The teacher should then lead a classroom discussion in which students use their own piece of string and hypothesize the radian measure of a central angle measuring 180° (π radians) and the radian measure of a central angle measure 360° (2π radians).
· Students can also hypothesize how many degrees equal one radian (approximately 57.3°).
· Discuss with students that angles can be measured with radians as well as with degrees.  Radians actually become preferred to discuss angle measures in higher-level mathematics because radians are a unit-less measure which puts radian measures in a one-to-one correspondence with the real numbers.

UDL Connections
· The use of a tactile procedure and the act of cutting out the sectors enables all students to perceive that the central angles created have the same measure.
· The instructions above should not be given to the class all at one time.  The teacher can model the process one step at a time allowing students to complete each step of the process of a central angle that measures one radian.
· Students may help each other through the process of using the string as a measurement device.
· Use polling software, such as Polleverywhere.com, to facilitate hypothesizing the radian measure of a central angle measuring 180°, the radian measure of a central angle measuring 360° and how many degrees equal one radian.



	SMP # 8  Look for and express regularity in repeated reasoning.
[bookmark: _GoBack]
	Activity 2
	Materials Needed

· Small round candies, cereal or objects, such as buttons, of the same size.  Many individual candies, pieces of cereal or objects will be needed – enough for each student group to have a supply of about 50 small round candies, small round cereal or small objects.
· One protractor for each student.
· Teacher created circles D, E, and F.
· Each student should use a pencil for this activity since erasing must take place.

Preparation
· Secure enough small round objects.
· Create various circles with radii that can be measured with the whole small round objects.  For instance, the teacher should create circles with radii equal to three small round objects, seven small round objects and ten small round objects.  Label the circles as Circle D, Circle E and Circle F.  One copy of Table A for each student.  See page 23.
· Create the circles mentioned above using these small round objects.  
· Copy a packet of circles to give to each group of students.
· Secure a protractor for each student and a copy of Table A for each student.
· Make sure each student has a pencil.

Implementation
· Make sure each student has one circle, one copy of Table A, one protractor and access to enough small round objects.
· Students will follow these directions for each row of table A.
· A.  Students should be instructed to use a protractor to create a central angle that measures ___°, from a row of table A.
· B.  Students should be instructed to use the small round objects to measure the radii and the minor arc of the circle.  Students will have to use their judgment to measure the minor arc of the circle.  They should estimate parts of small round objects to the nearest tenth.
· C.  Students should complete the appropriate row of Table A (number of objects used to measure the radius, number of objects used to measure the minor arc, ratio of the measure of the minor arc to the measure of the radius).
· D.  Student groups should be instructed to compare their individual results.  Students should recognize that their ratios are close to each other if not equal.  Since the number of small round objects used to measure the minor arc is being estimated, these ratios will more often than not be close instead of equal.
· E.  Students should be instructed to remove the small round objects from the circumference of the circle and to erase the central angle currently drawn.
· The teacher should discuss the following with students.  
· In this activity we have seen that possibly there is an alternative way to measure an angle.  The ratio of arc length to length of radius gave the same (or very similar) results for each angle no matter what size circle was used.  Thus, this ratio is a property of the angle.  This ratio is referred to as the radian measure of the angle.  Let s = arc length, r = length of the radius of the circle and Ɵ = radian measure of the angle.  Then, Ɵ = s/r. 
· Using algebra, this relationship can be rewritten s = Ɵr. 
·  So, if given an angle measure in radians, and either the radius or the arc length, one could find the missing measure.
· The teacher should make it explicit at this point that s = Ɵr is a proportional relationship and that Ɵ is the constant of proportionality.
· The teacher may choose to use the following examples of using this relationship. 
Let r = 10 inches and Ɵ  = 1.3 radians.  Find the arc length.  (S = 13 inches)
Let r = 7 feet and Ɵ = π/3 radians.  Find the arc length.  (S = 7π/3 feet or approximately 7.330 feet)
Let s = 100 inches and Ɵ = 4.5 radians.  Find the length of the radius.  (r = 100/4.5 inches = 22.222 inches)
Let s = 9 mm and Ɵ = π/4 radians.  Find the length of the radius.  (r = 36/π mm or approximately 11.459 mm).
Let r = 5 cm and Ɵ = π/5 radians.  What would be the effect on s if r were doubled while Ɵ remains unchanged?  (s would double as well.)

UDL Connections
· This activity allows for active participation, exploration and experimentation and is also hands-on.
· Students can be invited to confer with one another about estimating the number of small round objects used to measure the arc length subtended by each central angle.
· Students could use string instead of small round objects for measuring so that students would get answers closer to the exact values for the radian measure of the given angles.


	SMP # 2  Reason abstractly and quantitatively.
	Activity 3
	Materials Needed
· One set of cooperative learning cards for each group.  The letters on these cards do not prescribe an order.  The letters are only for reference to the answer key and for discussion purposes.  The cards for students are on page 24.  The answer key is on page 25.
· Each group should have one piece of paper on which to record all answers from the group.

Preparation
· Copy and cut out one set of cooperative learning cards for each group.

Implementation
· Students should number off in their groups.
· Student number one will choose a card.
· Student number two will complete the problem and record the answer on the group’s piece of paper.
· Student number three will check the work and the answer of student number two.
· Students rotate roles for each new card drawn.

UDL Connections
· This activity makes use of a cooperative group in which there are scaffolded roles and responsibilities.


	SMP #5  Model with mathematics.
	Closure

	Exit Ticket:

Revisit the following problems with additional information added.  See page 26.

“Given circle P, we understand that because the measure of the central angle APE is 50 degrees, the measure of arc AE is ________ degrees.  An angle that measures 50 degrees also measures  radians (approximately 0.873 radians).  How far would an itty bitty bug have to crawl if proceeding from A to E if the radius of the circle is 20 cm?”

                         Answer:   cm or approximately 17.453 cm

“A portion of a certain highway is curved like the arc of a circle.  If the measure of the central angle subtending this portion of the highway is 70 degrees, or  radians or 1.222 radians, how far (in miles) is it from the beginning of this portion of the highway to the end of this portion of the highway if the radius of the circle is 12 miles?”

                      Answer:   miles or approximately 14.661 miles

“An airplane is traveling along a circle that matches the curvature of the earth.  A central angle from the center of the earth measures 40 degrees.  How far (in miles) will the airplane travel?  An angle measuring 40 degrees also measures radians or approximately 0.698 radians.  The radius of the earth at the equator is approximately 6378.1 miles.”

                      Answer:  Approximately 4450 miles   




	Supporting Information

	Component
	Details

	Interventions/Enrichments
· Special Education/Struggling Learners
· ELL
· Gifted and Talented

	

	Materials
	

	Technology

	

	Resources
(must be available to all stakeholders)
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	r = 5
	C = 10π
	C = 31.416

	r = 7
	C = 14π
	C = 43.982

	r = 11
	C = 22π
	C = 69.115

	r = 15
	C = 30π
	C = 94.248

	r = 12
	C = 24π
	C = 75.398

	r = 20
	C = 60π
	C = 188.496

	r = 16
	C = 32π
	C = 100.531

	r = 25
	C = 75π
	C = 235.619

	r = 10
	C = 30π
	C = 94.248

	r = 8
	C = 16π
	C = 50.265


Given circle P, we understand that because the measure of the central angle APE is 50 degrees, the measure of arc AE is ________ degrees.  However, what is the length of arc AE.  In other words, how far would an itty bitty bug have to crawl if proceeding from A to E?

 (
50°
)			[image: ]



A portion of a certain highway is curved like the arc of a circle.  If the measure of the central angle subtending this portion of the highway is 70 degrees, how far (in miles) is it from the beginning of this portion of the highway to the end of this portion of the highway?

 (
70°
)[image: ]


An airplane is traveling along a circle that conforms to the curvature of the earth.  A central angle from the center of the earth and subtending the path of the airplane measures 40 degrees.  How far (in miles) will the airplane travel?









 (
Circle A
)

















 (
Circle B
)

 (
Circle C
)



[image: ]



Table A
	
	Central Angle
	Measure of a Radius
	Measure of the Arc
	

	1
	30°
	
	
	

	2
	40°
	
	
	

	3
	60°
	
	
	

	4
	70°
	
	
	

	5
	80°
	
	
	

	6
	90°
	
	
	

	7
	100°
	
	
	

	8
	120°
	
	
	

	9
	150°
	
	
	

	10
	360°
	
	
	






Table A – RESULTS	
	
	Central Angle
	Measure of a Radius
	Measure of the Arc
	

	1
	30°
	Answers will vary based on which circle was used.
	Answers will vary based on which circle was used
	  or approximately 0.524

	2
	40°
	“
	“
	 or approximately 0.698

	3
	60°
	“
	“
	 or approximately 1.047

	4
	70°
	“
	“
	 or approximately 1.222

	5
	80°
	“
	“
	 or approximately 1.396

	 6
	90°
	“
	“
	 or approximately 1.571

	7
	100°
	“
	“
	 or approximately 1.745

	8
	120°
	“
	“
	  or approximately 2.094

	9
	150°
	“
	“
	 or approximately 2.618

	10
	360°
	“
	“
	2π or approximately 6.283






Cooperative Learning Cards
	A

What is the length of the minor arc of a central angle that measures radians in a circle with a radius of 5 inches?


	B

Find the length of the radius of a circle if a central angle that measures 1.3 radians subtends a minor arc that measures 3.9 cm.

	C

What effect would multiplying the radius of a circle by 10 have on the measure of the minor arc of a central angle if the central angle is unchanged?
	D
Two circles are concentric.  The radius of the smaller circle is 7 mm.  The radius of the larger circle is 12 mm.  A central angle of the smaller circle has a minor arc measuring 14mm.  What is the measure of the minor arc of the larger circle subtended by the same central angle?

	E

Find the length of the minor arc of a central angle that measures 2.5 radians if the radius of the circle is 3.2 inches.
	F

What effect would halving the radius of a circle have on the measure of the minor arc of a central angle if the central angle is unchanged?

	G

Find the arc length if a central angle measures  radians in a circle with a radius of 20 miles.
	H

A central angle of a circle measures 5.1 radians.  The radius of the circle is 3.5 mm.  Find the measure of the arc subtended by the central angle.

	I

A central angle of a circle measures  radians.  The measure of the minor arc subtended by this central angle is 7 inches.  Find the length of the radius of the circle.
	J
Two circles are concentric.  The radius of the smaller circle is 11 cm.  The radius of the larger circle is 20 cm.  If the measure of a minor arc for the larger circle is 10 cm, what is the measure of the minor arc of the smaller circle subtended by the same central angle?





Cooperative Learning Cards = ANSWERS
	A

 inches or approximately 10.472 inches


	B

3 cm

	C

The measure of the minor arc would be multiplied by 10 as well.
	D

24 mm

	E

8 inches
	F

The central angle would be cut in half as well.

	G

4π miles or approximately 12.566 miles
	H

17.85 mm

	I

 inches or approximately 6.685 inches
	J

5.5 cm







Exit Slip
1.	Given circle P, we understand that because the measure of the central angle APE is 50 degrees, the measure of arc AE is ________ degrees.  An angle that measures 50 degrees also measures  radians, or approximately 0.873 radians.  How far would an itty bitty bug have to crawl if proceeding from A to E if the radius of the circle is 20 cm?




	



2.	A portion of a certain highway is curved like the arc of a circle.  If the measure of the central angle subtending this portion of the highway is 70 degrees, or  (or 1.222) radians, how far (in miles) is it from the beginning of this portion of the highway to the end of this portion of the highway if the radius of the circle is 12 miles?








3.	An airplane is traveling along a circle that matches the curvature of the earth.  A central angle from the center of the earth measures 40 degrees.  How far (in miles) will the airplane travel?  An angle that measures 40° also measures   radians or approximately 0.698 radians.  The radius of the earth at the equator is approximately 6378.1 miles.
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