	Background Information

	Content/Course

	Geometry Change to Lesson Seed Format

	Unit

	Unit 5: Circles With and Without Coordinates

	Lesson Title 
	Coordinate Proofs with Circles

	Essential Questions/Enduring Understandings Addressed in the Lesson
[bookmark: _GoBack]
	Essential Questions
· How is visualization essential to the study of geometry?
· How does the concept of similarity connect to the study of circles?

· How does geometry explain or describe the structure of our world?
· How do relationships between angles and arcs enhance the understanding of circles?

· How can reasoning be used to establish or refute conjectures?
· What is the role of algebra in proving geometric theorems?

Enduring Understandings
· Objects in space can be transformed in an infinite number of ways and those transformations can be described and analyzed mathematically.
· All circles are similar.
· Relationships exist between radii and chords formed by same x or y values.

· Representations of geometric ideas and relationships allow multiple approaches to geometric problems and connect geometric interpretations to other contexts.
· Properties of geometric objects can be analyzed and verified through geometric constructions.
· Circles can be represented algebraically.

· Judging, constructing, and communicating mathematically appropriate arguments are central to the study of mathematics.
· A valid proof contains a sequence of steps based on principles of logic.


	Focus
Standard(s)  Addressed in This Lesson
	G.GPE.4 (Major, Fluency) Use coordinates to prove simple geometric theorems algebraically.

G.MG.1(Major)   Use geometric shapes, their measures, and their properties to describe objects. 

	Coherence
Relevance/Connections

	How does this lesson connect to prior learning/future learning and/or other content areas?
Connections to prior learning 
·  A previous lesson should include instruction that targets (G.GPE.1) the standard equation of the circle and have them practice using the center and radius to find a point on the circle given the x-value.  
· A previous lesson should include instruction that targets (G.CO.1), knowing precise definitions of circles, angles, and lines.

Connections to future learning
· A logical follow up lesson might have students prove that if an equilateral triangle is inscribed in a circle then the centroid is the center of the circle.

	Rigor

	Procedural Skill – All activities address the procedural understanding of graphing circles, using a formula, and manipulating a formula.
Conceptual Understanding – Using distance formula to establish relationships between points on a circle and the radius on a circle. 
Modeling – Modeling is not addressed.

	Student Outcomes 

	The student will:
· Complete coordinate proofs with circles. 
· Use the distance formula and equation of a circle to prove any triangle drawn such that one of its vertices is at the center of circle and the other two vertices are on the circumference of the circle will be isosceles

	Summative Assessment
(Assessment of Learning) 

	What evidence of student learning would a student be expected to produce to demonstrate attainment of this outcome?
· Use of 

	Prior Knowledge Needed to Support This Learning
(Vertical Alignment)
	In previous grades students have learned to:
•	draw polygons in the coordinate plane given coordinates for the vertices.
•	use coordinates to find the length of a side joining points with the same first coordinate or the same second coordinate.

Students need to know:
· Definition of a circle, radius, diameter, and chord.
· How to construct a circle, radius, diameter, and chord.
· Definition of an isosceles triangle.
· How to use a compass and set a radius.
· The standard equation of a circle given radius and center.  
· How to use the Pythagorean theorem to determine the missing side of a right triangle.
· How to solve quadratics using the quadratic formula.
· How to present solutions in simplest radical form.
· How to complete computations with radicals.  



	Learning Experience

	Standards for Mathematical Practice (SMP)
	Component
	Details

	SMP # 5 Use tools appropriately.
When students try to make sense of the three different types of answer they get for question #3, they may elect to use the graph of the circle drawn on the coordinate plane.  This is an example of using the coordinate plane as a tool.  

SMP#7 Look for and make use of structure.
Students will need to use the structure of the expression given in problem 1 and use the given structure to guide them as they rewrite the expression in center radius form. 
	Warm Up/Drill

	Materials Needed
· copy of the Warm Up problems 
· projector
· white boards/ communicators
· markers
Implementation 
· distribute a communicator/white board and a marker to each student
· display the first question on the warm up problem shown on page 8, keep the answer and following problems covered
· instruct students to complete the problem on their communicator/whiteboard.
· monitor student progress by circulating and helping any students who might be struggling 
· ask students to hold up their communicator/white boards one row at a time, this method will allow the teacher to perform a quick assessment of how well students understand this process. 
· display the answer to problem 1, do a quick reteach if you observe that many students are struggling with the process.
· repeat this process with each question.
· have students graph the equation from #1 to illustrate the three different types of answers they got in #3(two solutions, one solution, and no solution), ask them to do a “Turn and Talk” to discuss the connection between the number of solutions for each problem and the graph of the circle. 
· ask several pairs of students to share the highlights of their discussions.

	
	Activity 1{using the part 1 worksheet} 





	Materials Needed 
· Part 1 and Part 2 worksheet 
· compass 
· graph paper
Implementation
· arrange students into groups of 4
· give each student a piece of graph paper and a compass
· assign each group an integer  between 2 and 10
· instruct students to use their compass to draw a circle on their piece of graph paper with the following properties
· center at the origin
· radius = value assigned to their group
· instruct students to label the center of their circle with the letter X.
· instruct students to label the x and y intercepts with the letters A,B, C and D beginning with the positive x-intercept and traveling counter clockwise around the circle.
· instruct the students to write the equation of their circle(in center-radius form) on their piece of graph paper  (see illustration below for a group with an assigned radius of 3)


X
D
C
B
A





· instruct the members of each group to count off from 1 to 4.
· tell students that the number they received as they counted off from 1 to 4 represents a quadrant form the coordinate plane
· instruct students to draw a chord in their quadrant connecting the points on the circle that lie on the x and y-axis.
Example: The student whose group was assigned a radius=3 and was person number 1 in their group would draw the visual shown below.


X



· instruct students to determine the length of all sides of the triangle formed in their quadrant with vertex as center, and other vertices points on the circle at the x and y-axis. (legs will be able to be counted because they are horizontal and vertical lines).
Example

X


· instruct students to compare their triangle to the triangles drawn by the other people in their group.
· ask the group members to come up with a description of the relationship between their 4 different triangles and a explanation of how they know that their description is accurate
You would want students in a group to understand that their triangles are all isosceles triangles. The students should be able to justify this fact. The students may also state that all 4 triangles are congruent which is true but for this activity it is important to make note of the fact that the triangles are all isosceles. 
 

	SMP #8 Look for and express regularity in repeated reasoning. 
As students draw various triangles and notice the similarities that exist between the triangles that are drawn they should begin to form some generalizations.  At the same time they should recognize that these observations are based on one type of example.  Hopefully they would want to investigate further to see if their conjecture holds true for circles whose center is not located at the origin.
	Activity 1 continued{using the Part 2 worksheet}
	· within each group of 4, students should now partner with a vertical partner.  (I with IV, II with III)
· each pair of students should select an integer(a) using the following criteria
0 < a < radius they were given in the previous activity
· instruct each pair of students to replace the letter x in the equation of the circle that they drew on their piece of graph paper with their selected number
· instruct students to solve the newly created equation for y. See example below


             
· instruct students to compare their answer with their vertical partner, for agreement
· if the pair of students disagrees, the pair should examine each other’s work to find the error.
· instruct students to place two points on their circle whose x-coordinates correspond to their number selected and whose y-coordinates correspond to the values that they solved for when they replaced x with their selected value.
· label the two new points as P and N

Example


D
X
C
B
A
If x=2
N
P


· 

instruct students to use the distance formula to calculate the length of  and 
· 
instruct students to draw and describe 
· instruct students to draw a another triangle using Point X (0,0) as one of the vertices and two other points on the circle, then use the distance formula to calculate the length of each side of the triangle.
· Have each pair of students move back to their original groups and compare the triangles they have drawn, ask students to describe a common link between all of the triangles they drew.
At this point students should notice that all of the triangles which have one of their vertices at the origin and two other vertices on a circle whose center is also at the origin are isosceles triangles. See if they can explain why this might be the case. 

	SMP # 

	Activity 2
	Materials Needed 
· compass
·  large sheet of graph paper 
· 4 different color markers
· Part 3 worksheet
Implementation          
· Students will remain in the same group for this activity.
· Distribute a large sheet of graph paper and 4 different color markers to each group
· Instruct each group to select an ordered pair that can be easily plotted on their large piece of graph paper
· Instruct each group to plot their selected point and label the point as point Z, this point will be the center of a circle.
· Each group should select a number to use for the radius of a circle that will fit on their piece of graph paper
· Instruct students to use a compass to draw a circle on their piece of graph paper that has their selected center and radius and label points minimum and maximum x and y points (A – D) as shown in the example below.
example:B

[image: ] A
C
Z
D

· Instruct each student in the group to write the equation of the circle and then compare answers with their group members.
· The agreed upon equation should then be written on the large piece of graph paper next to the circle.
· Instruct each student to choose a value for x, between C and A, and then use the equation of the circle to determine the coordinates of the y-value on the circle.
· Each student in the group should plot and label their point on the large piece of graph paper. Example:


C
D
N
A
P
B
X

· Each student in the group then uses their color marker to sketch a triangle using the center of the circle, their point and one point created by a different group member as vertices.
· Instruct students to complete a coordinate proof to establish that the triangle that they created is an isosceles triangle.

Example of a coordinate proof

Given: 

Prove: is isosceles 





XN=XP therefore  is isosceles because an isosceles triangle is a triangle with two congruent sides 


· Ask students to compare their proofs with the other people in their group.
· Ask a few groups to share the highlights of their discussions.
· Ask students to make a generalization based on the activities. 
Students should note that any triangle drawn such that one vertex is at the center of a circle and the other two vertices are points on the circle will be isosceles. 



	
	Activity 3
Extension
	Materials Needed – 
Implementation 
· With the same circle used in activity 2 groups work together to investigate triangles drawn such that two of the vertices are at the end points of a diameter of the circle and the third vertex is a point on the circle. The triangles described are triangles inscribed in a semicircle.  
· Members 1&2 investigate triangle ABC while members 3&4 investigate triangle ADC by drawing in and answering the guided questions below.  
· What type of triangle is formed now? 
· What is different?
· How does the vertex’s x-value compare to the endpoints on the diameter?
· What is true about chords formed by opposite endpoints and the vertex?
· How could you find the vertex of another isosceles triangle with a different diameter?
· 

	
	Closure

	Exit Ticket:
Class discussion on what they found or discovered then have them answer the following questions:
1.)  During today’s activity what part/definition of a circle helped you prove relationships of triangles inside circles?

2.) Why is the distance formula used to derive the equation of a circle?  






	Supporting Information

	Component
	Details

	Interventions/Enrichments
· Special Education/Struggling Learners
· ELL
· Gifted and Talented

	

	Materials
	

	Technology

	

	Resources
(must be available to all stakeholders)
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Warm Up

Given 
1. Write the given equation of a circle in center-radius form.

Answer



2. Identify the center and the radius of the circle.
Answer

Center =  Radius = 1







3. Determine the x-coordinates of the point or points on the circle with y-coordinates of :
a. Y=0
b. Y=1
c. Y=2 
Answer












Part 1
1. On the provided graph paper, graph a circle with a center at the origin and a radius equal to the number assigned to your group.

2. Label the center of the circle with the letter “X”. 
3. Label the x and  y-intercepts as indicated below
· A - positive x-intercept
· B - positive y-intercept
· C -  negative x-intercept
· D - negative y-intercept
4. In your group count off from 1 to 4. Use this number as your quadrant number in the next step.

5. Draw a triangle in the quadrant that corresponds to your number by connecting the indicated points.
· Quadrant 1: Connect points A, B and X.
· Quadrant 2: Connect points B, C and X.
· Quadrant 3: Connect points C, D and X.
· Quadrant 4: Connect points A, D and X. 

6. Find length of the three sides of your triangle.

7. What type of triangle did you draw?










Part 2
8. Write the equation of the circle you drew.


9. With vertical quadrant partner (I with IV, II with III), choose a number that is less than radius that you used when you drew your circle. 


10. Replace the letter “x” in the equation of your circle (see your answer to problem #8) with the number that you and your partner select.


11.  Solve the equation that you created in problem #10 for “y”.


12. On your graph paper which displays the circle your drew for the previous group of problems,  plot two points whose coordinates are
 (the number you selected for “x”, the numbers you got when you solved for “y”)



13. 
 Label the two new points that you plot as points P and N.  Draw a triangle whose vertices are points P, N and X.  Determine the length of each side of . 




14. 
What type of triangle is ?







Part 3
1. As a group, select the following attributes of a circle (note the numbers selected should be small enough so that graphing the circle you describe is possible on the given sheet of graph paper):
a.  a point on the coordinate grid to serve as the center of a circle
b. a whole number to use as a radius of a circle. 

2. Draw a circle with your selected center and radius on your group’s piece of chart paper. 

3. Label the point on your circle that has the largest y-coordinate as point B.

4. Label the point on your circle that has the smallest y-coordinate as point D. 

5. Label the point on your circle that has the largest x-coordinate as point A.

6. Label the point on your circle that has the smallest x-coordinate as point C.  

7. Label the center of your circle as point X.
8. Write the equation for the circle that your group creates. 

9. Each member of your group should select a different value to use as a replacement for x. The number each person selects must fall between the largest and smallest values of x covered your groups circle. 

10. Substitute the value of x that you select into the equation of the circle that your group created. Solve this equation for a corresponding value of y.

11.  Each member of your group should plot their point on the piece of graph paper that displays your groups circle. 

12.  Draw a triangle that connects the center of your group’s circle to your point and then complete your triangle by connecting to one of the points plotted by another person in your group.

13.  Provide a proof that establishes what type of triangle was created. 



ACTIVITY 3 EXTENSION
(2 CHORDS AND DIAMETER)
14. Group member  1 & 2 connect  A to  B & B to C  & A to C
· Find the length of  AB,  BC,  &  AC 
· Identify type of triangle
15. Group member  3 & 4 connect  D to C & A to D &  A to C
· Find the length  of DC, AD, & AC
Identify the type of triangle  

[image: ][image: ]




	STATEMENT 
	REASON

	X IS THE  CENTER OF THE CIRCLE 
	GIVEN 

	LENGTH OF XP 
	

	LENGTH OF XN 
	

	LENGTH OF PN 
	

	THERFORE 
	

	TRIANGLE PNX  IS _________________
	


Example of the type of sketch a student might produce for Activity 3
B


D
N
P
X
C
A
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