DRAFT- Algebra I Unit 2: Linear and Exponential Relationships

	Algebra I
Unit 2 Snap Shot

	Unit Title
	Cluster Statements
	Standards in this Unit

	Unit 2
Linear and Exponential Relationships
	· Solve systems of equations
· Represent and solve equations and inequalities graphically
· Understand the concept of a function and use function notation
· Interpret functions that arise in applications in terms of a context
· Analyze functions using different representations
· Build a function that models a relationship between two quantities
· Build new functions from existing functions
· Construct and compare linear, and exponential models and solve problems ★

· Interpret expressions for functions in terms of the situation they model ★



	· A.REI.5 (additional)
· A.REI.6 (additional)(cross-cutting)
· A.REI.10 (major)
· A.REI.11 (major) (cross-cutting)
· A.REI.12(major)
· F.IF.1 (major)
· F.IF.2(major)
· F.IF.3(major) (cross-cutting)
· F.IF.4★ (major) (cross-cutting)
· F.IF.5 (major)
· F.IF.6 (major) (cross-cutting)
· F.IF.7a (supporting)
· F.IF.9(supporting) (cross-cutting)
· F.BF.1a★ (supporting) (cross-cutting)
· F.BF.3 (additional)(cross-cutting)
· F.LE.1a★ (supporting)
· F.LE.1b ★ (supporting)
· F.LE.1c★ (supporting)
· F.LE.2★ (supporting) (cross-cutting)
· F.LE.3★ (supporting)
· F.LE.5★ (supporting)(cross-cutting)





PARCC has designated standards as Major, Supporting or Additional Standards.  PARCC has defined Major Standards to be those which should receive greater emphasis because of the time they require to master, the depth of the ideas and/or importance in future mathematics. Supporting standards are those which support the development of the major standards.  Standards which are designated as additional are important but should receive less emphasis.





Overview
The overview is intended to provide a summary of major themes in this unit.

In earlier grades, students define, evaluate, and compare functions, and use them to model relationships between
quantities. In this unit, students will learn function notation and develop the concepts of domain and range. Students
move beyond viewing functions as processes that take inputs and yield outputs and start viewing functions as objects in their own right. Students explore many examples of functions, including sequences; they interpret functions given graphically, numerically, symbolically, and verbally, translate between representations, and understand the limitations of various representations. Students work with functions given by graphs and tables, keeping in mind that, depending upon the context, these representations are likely to be approximate and incomplete. Their work includes functions that can be described or approximated by formulas as well as those that cannot. When functions describe relationships between quantities arising from a context, students reason with the units in which those quantities are measured. Students explore systems of equations and inequalities, and they find and interpret their solutions. Students build on and informally extend their understanding of integer exponents to consider exponential functions. Students compare and contrast linear and exponential functions with domains in the integers, distinguishing between additive and multiplicative change. Students interpret arithmetic sequences as linear functions and geometric sequences as exponential functions.



Teacher Notes
The information in this component provides additional insights which will help the educator in the planning process for the unit.
	
Information to inform the teaching of Algebra I Unit 2
· Students have solved systems of linear equations in 8th grade.  When revisiting this concept in Algebra I the focus should be on solving more complex systems of linear equations.  The equations that make up the system should include equations which use rational coefficients. The equations that make up a system should be derived from more complicated verbal scenarios and should include situations where the equations are presented in different forms. (i.e. one equation would be given in slope intercept form and the other equation would be in standard form). 
· All references to exponential functions in Algebra I refer to exponential functions with domains in the integers. 





Enduring Understandings
Enduring understandings go beyond discrete facts or skills. They focus on larger concepts, principles, or processes.  They are transferable and apply to new situations within or beyond the subject	.  Bolded statements represent Enduring Understandings that span many units and courses.  The statements shown in italics represent how the Enduring Understandings might apply to the content in Unit 2 of Algebra I.

· Mathematics can be used to solve real world problems and can be used to communicate solutions to stakeholders.
· Systems of equations and inequalities can be used to solve real world problems.  
· Functions and their transformations can be used to make predictions or solve problems.
· Graphs of equations/inequalities may be used to represent all solutions of a given equation/inequality in two variables.

· Relationships between quantities can be represented symbolically, numerically, graphically and verbally in the exploration of real world situations.
· Arithmetic and geometric sequences can be modeled by explicit and recursive functions.

· Relationships can be described and generalizations made for mathematical situations that have numbers or objects that repeat in predictable ways.
· Linear functions grow by equal differences over equal intervals and exponential functions grow by equal factors over equal intervals.

· Multiple representations may be used to model a given real world relationship.

· Rules of arithmetic and algebra can be used together with notions of equivalence to transform equations and inequalities. 









Essential Question(s)
A question is essential when it stimulates multi-layered inquiry, provokes deep thought and lively discussion, requires students to consider alternatives and justify their reasoning, encourages re-thinking of big ideas, makes meaningful connections with prior learning, and provides students with opportunities to apply problem-solving skills to authentic situations. Bolded statements represent Essential Questions that span many units and courses.  The statements shown in italics represent Essential Questions that are applicable specifically to the content in 
Unit 2 of Algebra I.

· When and how is mathematics used in solving real world problems?
· What characteristics of a real world problem indicate that the situation could be modeled by a functional relationship?
· How can systems of equations and inequalities model and be used to solve real-world problems?

· What characteristics of problems would determine how to model the situation and develop a problem solving strategy?
· How can multiple representations of functions be used to reason and make sense of relationships and model change?
· What characteristics of a problem help determine if a linear or exponential model could serve as an appropriate function to represent the situation?

· What is the most appropriate structure to represent mathematical situations?
· How are the symbolic, numeric, graphic, and verbal representations of functions and equations related?
· What are the similarities and differences between linear and exponential functions? 
· How are recursive and explicit formulas related?







Possible Student Outcomes 
The following list provides outcomes that describe the knowledge and skills that students should understand and be able to do when the unit is completed. The outcomes are often components of more broadly-worded standards and sometimes address knowledge and skills necessarily related to the standards. The lists of outcomes are not exhaustive, and the outcomes should not supplant the standards themselves.  Rather, they are designed to help teachers “drill down” from the standards and augment as necessary, providing added focus and clarity for lesson planning purposes. This list is not intended to imply any particular scope or sequence. In cases where a standard mentioned several functions, references to functions other than linear and exponential were deleted. 

A.REI.5 Prove that, given a system of two equations in two variables, replacing one equation by the sum of that equation
             and a multiple of the other produces a system with the same solutions. (additional)

The student will:
· solve systems of linear equations using the elimination method. 
· justify the steps used in solving a system of equations when using the elimination method by referring to the properties of equality. 
 
A.REI.6 Solve systems of linear equations exactly and approximately (e.g., with graphs), focusing on pairs of linear
              equations in two variables. (additional)(cross-cutting)

The student will:
· solve systems of linear equations algebraically, graphically and numerically. 
A.REI.10 Understand that the graph of an equation in two variables is the set of all its solutions plotted in the coordinate 
                plane, often forming a curve (which could be a line).Note: Focus on linear and exponential equations and be able 
                to adapt and apply that learning to other types of equations in future courses. (major)

The student will:
· represent all of the solutions to a linear equation in two variables by producing a graph of the equation.
· represent all of the solutions to an exponential equation in two variables by producing a graph of the equation. (note: The graph of an exponential function in this unit  would appear to be a graph of discrete data due to the restriction on the domain of exponential functions in Algebra I.)
· verify algebraically that the coordinates of randomly selected points from a graph satisfy the corresponding equation in two variables. 

A.REI.11 Explain why the x-coordinates of the points where the graphs of the equations y = f(x) and y = g(x) intersect are the 
                solutions of the equation f(x) = g(x); find the solutions approximately, e.g., using technology to graph the functions, 
                make tables of values, or find successive approximations. Include cases where f(x) and/or g(x) are linear and/or 
                exponential. (major) (cross-cutting)

The student will:
· solve systems of equations graphically.
· solve systems of equations numerically.
· solve systems of equations comprised of various combinations of linear and exponential functions graphically.
· verify that the coordinates of the point of intersection of two graphs makes both of the equations in the system true.
 A.REI.12 Graph the solutions to a linear inequality in two variables as a half-plane (excluding the boundary in the case of a 
                strict inequality), and graph the solution set to a system of linear inequalities in two variables as the intersection of
                the corresponding half-planes. (major)

The student will:
· produce the graph of the solution set of a linear inequality in two variables.
· produce the graph of the solution set of a system of linear inequalities in two variables.
· demonstrate understanding of whether the points on the boundary line of the graph of a linear inequality in two variables should be included as part of the solution set.

F.IF.1 Understand that a function from one set (called the domain) to another set (called the range) assigns to each element of 
           the domain exactly one element of the range. If f is a function and x is an element of its domain, then f(x) denotes the 
           output of f corresponding to the input x. The graph of f is the graph of the equation y = f(x). Note: Students should 
           experience a variety of types of situations modeled by functions. Detailed analysis of any particular class of functions 
           at this stage is not advised. Students should apply these concepts throughout their future mathematics courses. Draw 
           examples from linear and exponential functions with domains in the integers. (major)

The student will:
· identify the domain and the range of a given relation. 
· describe what a functional relation would look like in graphic, numeric or algebraic form.
· recognize and use the relationship between “y” and “f(x)” numerically, algebraically and graphically.

F.IF.2 Use function notation, evaluate functions for inputs in their domains, and interpret statements that use function 
           notation in terms of a context. (major)

The student will:
· evaluate functions using function notation.
· explain the meaning of an expression given in function notation in context of the problem.

F.IF.3 Recognize that sequences are functions, sometimes defined recursively, whose domain is a subset of the integers.
          For example, the Fibonacci sequence is defined recursively by f(0) = f(1) = 1, f(n+1) = f(n) + f(n-1) for n ≥ 1.
        
The student will:
· recognize sequences as functions whose domain is a subset of the integers.
· interpret arithmetic sequences as linear functions.
· interpret geometric sequences as exponential functions.

F.IF.4 For a function that models a relationship between two quantities, interpret key features of the graph and the table in 
          terms of the quantities, and sketch the graph showing key features given a verbal description of the relationship.
          Key features include: intercepts; intervals where the function is increasing, decreasing, positive, or negative and 
          end behavior. ★ (major)(cross-cutting)

The student will:
· interpret key features of the graph and/or  table for functions that model relationships between two quantities.
· interpret the slope and intercepts of linear function given the algebraic, graphic or numeric representation. 
· interpret the intercept(s) of an exponential function given the algebraic, graphic or numeric representation.
· determine whether an exponential function is increasing or decreasing given the algebraic, graphic or numeric representation.
· sketch the graph of a function showing key features given a verbal description of the relationship.







F.IF.5 Relate the domain of a function to its graph and, where applicable, to the quantitative relationship it describes. 
         For example, if the function h(n) gives the number of person-hours it takes to assemble n engines in a factory, 
         then the positive integers would be an appropriate domain for the function.  Note: Focus on linear and exponential 
         functions with domains in the integers. (major)

The student will:
· identify the domain of a function given a graphic representation of the function.
· identify the domain of a function based upon the context of a real-world problem rather than the type of function being used.
F.IF.6 Calculate and interpret the average rate of change of a function (presented symbolically or as a table) over a specified
           interval. Estimate the rate of change from a graph.  Note: Focus on linear functions and exponential functions with 
           domains in the integers. Unit 5 in this course and the Algebra II course address other types of functions.
           (major)(cross-cutting)

The student will:
· calculate, and interpret the average rate of change of a function over a specified interval given an algebraic or numeric representation. 
· estimate the average rate of change of a function over a specified interval given a graphic representation. 

F.IF.7 Graph functions expressed symbolically and show key features of the graph, by hand in simple cases and using 
           technology for more complicated cases. 
a. Graph linear functions and show intercepts. (supporting)
The student will:
· graph linear functions and show the x and y intercepts.

F.IF.9 Compare properties of two functions each represented in a different way (algebraically, graphically, numerically in 
           tables, or by verbal descriptions). (supporting)(cross-cutting)

The student will:
· interpret and compare properties of two linear functions which are expressed using different representations.
· interpret and compare properties of two exponential functions which are expressed used different representations.


F.BF.1 Write a function that describes a relationship between two quantities. 
a. Determine an explicit expression, a recursive process, or steps for calculation from a context. ★
    (supporting)(cross-cutting)

The student will:
· translate the verbal representation of a linear function to an algebraic representation of the function.
· translate the verbal representation of a exponential function to an algebraic representation of the function.

F.BF.3 Identify the effect on the graph of replacing f(x) by f(x) + k, k f(x), f(kx), and f(x + k) for specific values of k
           (both positive and negative); find the value of k given the graphs. Experiment with cases and illustrate an explanation
            of the effects on the graph using technology. Note: Focus on vertical translations of graphs of linear and exponential 
            functions. Relate the vertical translation of a linear function to its y-intercept.  While applying other transformations to
            a linear graph is appropriate at this level, it may be difficult for students to identify or distinguish between the effects 
            of the other transformations included in this standard. (additional) (cross-cutting)

The student will:
· compare the different representations of linear equations which have the same slope but different y-intercepts.
· 


compare a parent exponential such as  to  using algebraic, numeric and graphic representations. 
· analyze and interpret vertical translations for graphs of linear and exponential functions.

F.LE.1 Distinguish between situations that can be modeled with linear functions and with exponential functions.
a.  Prove that linear functions grow by equal differences over equal intervals; and that exponential functions grow 
     by equal factors over equal intervals. ★ (supporting)

The student will:
· prove that linear functions grow by equal differences over equal intervals.
· prove that exponential functions grow by equal factors over equal intervals.





b. Recognize situations in which one quantity changes at a constant rate per unit interval relative to another. ★   
    (supporting)
The student will:
· identify situations which can be modeled by linear equations in two variables. 
· interpret linear and exponential functions that arise in applications.

c. Recognize situations in which a quantity grows or decays by a constant percent rate per unit interval relative
    to another. ★ (supporting)

The student will:
· identify situations which can be modeled by exponential equations in two variables. 
· interpret linear and exponential functions that arise in applications.
F.LE.2 Construct linear and exponential functions, including arithmetic and geometric sequences, given a graph, a 
            description of a relationship, or two input-output pairs (include reading these from a table).  Note: In constructing 
            linear functions draw on and consolidate previous work on finding equations for lines and linear functions. ★
            (supporting) (cross cutting)
The student will:
· write the algebraic form of a linear function given a graphic, numeric or verbal representation.
· write the algebraic form of an exponential function given the graphic, numeric or verbal representation.
· make connections between arithmetic sequences and linear functions.
· make connections between geometric sequences and exponential functions. 

F.LE.3 Observe using graphs and tables that a quantity increasing exponentially eventually exceeds a quantity
             increasing linearly. ★ (supporting)

The student will:
· indentify whether a relationship is linear or exponential given the graphic or numeric representation. 
· describe the rate of change displayed in a graphic or numeric representation of a function.
· describe the difference between the rate of change of a linear versus and exponential function.


F.LE.5  Interpret the parameters in a linear or exponential function in terms of a context. Note: Limit exponential functions
             to those of the form f(x) = bx + k. ★ (supporting) (cross cutting)

The student will:
· interpret the meaning of the slope and y-intercept of a linear equation in terms of a context.
· 
interpret the meaning of the “k” in an exponential function of the form  in terms of a context.























Possible Organization/Groupings of Standards
The following charts provide one possible way of how the standards in this unit might be organized.  The following organizational charts are intended to demonstrate how some standards will be used to support the development of other standards.  This organization is not intended to suggest any particular scope or sequence. In cases where a standard mentioned several functions, references to functions other than linear and exponential were deleted. 
	Algebra I

	Unit 2: Linear and Exponential Relationships

	Topic #1
Solving Systems of Equations and Inequalities 

	Subtopic #1
	Solving systems of linear equations

	The standards listed to the right should be used to help develop Subtopic #1.
	
A.REI.6      Solve systems of linear equations exactly and approximately (e.g., with graphs), focusing on pairs of
                   linear equations in two variables. (additional) (cross-cutting)

A.REI.5      Prove that, given a system of two equations in two variables, replacing one equation by the sum of 
                   that equation and a multiple of the other produces a system with the same solutions. (additional)

A.REI.10    Understand that the graph of an equation in two variables is the set of all its solutions plotted in 
                   the coordinate plane, often forming a curve (which could be a line).Note: Focus on linear and 
                   exponential equations  and be able to adapt and apply that learning to other types of equations 
                   in future courses. (major)

A.REI.11    Explain why the x-coordinates of the points where the graphs of the equations y = f(x) and y = g(x) 
                   intersect are the solutions of the equation f(x) = g(x); find the solutions approximately, e.g., using 
                   technology to graph the functions, make tables of values, or find successive approximations. 
                   Include cases where f(x) and g(x) are linear functions.  (major)(cross-cutting)







	Algebra I

	Unit 2: Linear and Exponential Relationships

	Topic #1
Solving Systems of Equations and Inequalities 

	Subtopic #2
	Solving systems of equations graphically where the system is comprised of various combinations of linear and exponential functions. 

	The standards listed to the right should be used to help develop Subtopic #2.
	
A.REI.10   Understand that the graph of an equation in two variables is the set of all its solutions plotted in the 
                  coordinate plane, often forming a curve (which could be a line).Note: Focus on linear and exponential
                  equations and be able to adapt and apply that learning to other types of equations in future courses.
                   (major)

A.REI.11   Explain why the x-coordinates of the points where the graphs of the equations y = f(x) and y = g(x) intersect
                  are the solutions of the equation f(x) = g(x); find the solutions approximately, e.g., using technology to  
                  graph the functions, make tables of values, or find successive approximations. Include cases where f(x) 
                  and/or g(x) are linear and exponential (major)(cross-cutting)
                           .


	Subtopic #3
	Graphing the solutions linear inequalities and systems of linear inequalitites 

	The standards listed to the right should be used to help develop Subtopic #3.
	
A.REI.12   Graph the solutions to a linear inequality in two variables as a half-plane (excluding the boundary in
                  the case of a strict inequality), and graph the solution set to a system of linear inequalities in two 
                  variables as the intersection of the corresponding half-planes.(major)








	Algebra I

	Unit 2: Linear and Exponential Relationships

	Topic #2
Functions

	Subtopic #1
	Concept of Function

	The standards listed to the right should be used to help develop Subtopic #1.
	
F.IF.1        Understand that a function from one set (called the domain) to another set (called the range) assigns to 
                  each element of the domain exactly one element of the range. If f is a function and x is an element of its 
                  domain, then f(x) denotes the output of f corresponding to the input x. The graph of f is the graph of the 
                  equation y = f(x).Note: Students should experience a variety of types of situations modeled by functions. 
                  Detailed analysis of any particular class of functions at this stage is not advised. Students should apply 
                  these concepts throughout their future mathematics courses. Draw examples from linear and exponential 
                  functions.(major)

F.IF.2        Use function notation, evaluate functions for inputs in their domains, and interpret statements that use 
                  function notation in terms of a context. (major)











	Algebra I

	Unit 2: Linear and Exponential Relationships

	Topic #3
Linear Functions

	Subtopic #1
	Graphing linear functions

	The standards listed to the right should be used to help develop Subtopic #1.
	
F.IF.4        For a function that models a relationship between two quantities, interpret key features of the graph and 
                  the table in terms of the quantities, and sketch the graph showing key features given a verbal description
                  of the relationship. Key features include: intercepts; rate of change, and  whether the function is increasing 
                  or decreasing. ★  (major) (cross-cutting)

F.IF.5        Relate the domain of a function to its graph and, where applicable, to the quantitative relationship it 
                  describes. For example, if the function h(n) gives the number of person-hours it takes to assemble 
                  “n” engines in a factory, then the positive integers would be an appropriate domain for the function.
                  (major)

F.IF.6        Calculate and interpret the average rate of change of a function (presented symbolically or as a table)
                  over a specified interval. Estimate the rate of change from a graph. (major)(cross-cutting) 

F.IF.7        Graph functions expressed symbolically and show key features of the graph, by hand in simple cases 
                  and using technology for more complicated cases. 

a. Graph linear functions and show intercepts.(supporting)

F.BF.3       Identify the effect on the graph of replacing f(x) by f(x) + k, k f(x), f(kx), and f(x + k) for specific values of k 
                  (both positive and negative); find the value of k given the graphs. Experiment with cases and illustrate an 
                  explanation of the effects on the graph using technology. Note: Focus on vertical translations of graphs of 
                  linear functions. Relate the vertical translation of a linear function to its y-intercept.  While applying other 
                  transformations to a linear graph is appropriate at this level, it may be difficult for students to identify or
                  distinguish between the effects of the other transformations included in this standard. 
                  (additional)(cross-cutting)




	Algebra I

	Unit 2: Linear and Exponential Relationships

	Topic #3
Linear Functions

	Subtopic #2
	Modeling with linear functions

	The standards listed to the right should be used to help develop Subtopic #2.
	
F.BF.1       Write a function that describes a relationship between two quantities. 
          a. Determine an explicit expression, a recursive process, or steps for calculation from a context. ★
              (supporting) (cross-cutting)

F.LE.1       Identify situations that can be modeled with linear functions 
          a.  Prove that linear functions grow by equal differences over equal intervals. ★ (supporting)
          b. Recognize situations in which one quantity changes at a constant rate per unit interval relative
              to another. ★ (supporting)

F.LE.2       Construct linear functions given a graph, a description of a relationship, or two input-output pairs (include 
                  reading these from a table). ★  Note: In constructing linear functions draw on and consolidate previous
                  work on finding equations for lines and linear functions. (supporting)(cross-cutting)

F.IF.9        Compare properties of two functions each represented in a different way (algebraically, graphically, 
                  numerically in tables, or by verbal descriptions). (supporting)(cross-cutting)

F.LE.5       Interpret the parameters in a linear function in terms of a context. ★ (supporting)(cross-cutting)







	Algebra I

	Unit 2: Linear and Exponential Relationships

	Topic #4
Exponential Functions 

	Subtopic #1
	Graphing exponential funtions

	The standards listed to the right should be used to help develop Subtopic #1.
	
F.IF.4        For a function that models a relationship between two quantities, interpret key features of the graph 
                  and the table in terms of the quantities, and sketch the graph showing key features given a verbal 
                  description of the relationship. ★ Key features include: intercept(s); rate of change, whether the function
                  is increasing or decreasing and end behavior.  (major)(cross-cutting)

F.IF.5        Relate the domain of a function to its graph and, where applicable, to the quantitative relationship it 
                  describes. For example, if the function h(n) gives the number of person-hours it takes to assemble “n” 
                  engines in a factory, then the positive integers would be an appropriate domain for the function. 
                  (major)


F.IF.6        Calculate and interpret the average rate of change of a function (presented symbolically or as a table) 
                  over a specified interval. Estimate the rate of change from a graph.  Note: Focus on exponential 
                  functions whose domain is a subset of the integers. (major) (cross-cutting)


F.BF.3       Identify the effect on the graph of replacing f(x) by f(x) + k, k f(x), f(kx), and f(x + k) for specific values of 
                  k (both positive and negative); find the value of k given the graphs. Experiment with cases and illustrate an 
                  explanation of the effects on the graph using technology. Note: Focus on vertical translations of graphs of 
                  exponential functions with integer domains. (additional) (cross-cutting)







	Subtopic #2
	Modeling with exponential functions 

	The standards listed to the right should be used to help develop Subtopic #2.
	F.BF.1       Write a function that describes a relationship between two quantities. 

a. Determine an explicit expression, a recursive process, or steps for calculation from a context.
(supporting) (cross-cutting)


F.LE.1      Identify situations that can be modeled with exponential functions. 

       a.    Prove that exponential functions grow by equal factors over equal intervals. ★(supporting)

b. Recognize situations in which a quantity grows or decays by a constant percent rate per unit interval
              relative to another. (supporting)

F.LE.2      Construct exponential functions given a graph, a description of a relationship, or two input-output pairs 
      (include reading these from a table).  ★(supporting) (cross-cutting)

F.LE.5     Interpret the parameters in an exponential function in terms of a context. ★ 
     Note: Limit exponential functions to those of the form f(x) = bx + k. (supporting) (cross-cutting)

F.IF.9        Compare properties of two functions each represented in a different way (algebraically, graphically, 
                  numerically in tables, or by verbal descriptions). (supporting) (cross-cutting)






	Algebra I

	Unit 2: Linear and Exponential Relationships

	Topic #5
Sequences 

	Subtopic #1
	Arthimetic and geometric sequences

	The standards listed to the right should be used to help develop Subtopic #1.
	
F.IF.3        Recognize that sequences are functions, sometimes defined recursively, whose domain is a subset of the 
                  integers. For example, the Fibonacci sequence is defined recursively by
                   f(0) = f(1) = 1, f(n+1) = f(n) + f(n-1) for n ≥ 1.Note: Draw connection to F.BF.2, which requires students 
                  to write arithmetic and geometric sequences. (major) (cross-cutting)


F.LE.2       Construct arithmetic and geometric sequences given a description of a relationship. ★ 
                 (supporting)(cross-cutting)














	Algebra I

	Unit 2: Linear and Exponential Relationships

	Topic #6
Comparing Functions

	Subtopic #1
	Compare and contrast linear and exponential functions

	The standards listed to the right should be used to help develop Subtopic #1.
	
F.LE.1       Distinguish between situations that can be modeled with linear functions and with exponential functions.

       a.  Prove that linear functions grow by equal differences over equal intervals; and that exponential 
            functions grow by equal factors over equal intervals. ★(supporting)

       b. Recognize situations in which one quantity changes at a constant rate per unit interval relative to 
           another. ★(supporting)

       c. Recognize situations in which a quantity grows or decays by a constant percent rate per unit interval
                      relative to another. ★ (supporting)

F.LE.3       Observe using graphs and tables that a quantity increasing exponentially eventually exceeds a 
                  quantity increasing linearly. ★(supporting)











Connections to the Standards for Mathematical Practice
This section provides examples of learning experiences for this unit that support the development of the proficiencies described in the Standards for Mathematical Practice.  These proficiencies correspond to those developed through the Literacy Standards. The statements provided offer a few examples of connections between the Standards for Mathematical Practice and the Content Standards of this unit. The list is not exhaustive and will hopefully prompt further reflection and discussion.

In this unit, educators should consider implementing learning experiences which provide opportunities for students to:

1. Make sense of problems and persevere in solving them.
· Determine if a situation should be modeled by a linear or exponential function.  
· Determine if a situation should be modeled by a system of equations.
· Determine if a situation should be modeled by a linear inequality in two variables.
· Determine if a situation should be modeled by a system of linear inequalities in two variables. 
· Analyze problems, select a strategy and change course if necessary.
· Check solutions to make sure that they make sense in the context of the problem.

2. Reason abstractly and quantitatively
· Estimate reasonableness of answers in solving real world problems using linear and exponential models.  
· Create abstract algebraic models of situations that can be modeled by systems of equations, systems of inequalities, linear functions or exponential functions.
· Interpret problems in context.  Examples might include the slope and y-intercept of a linear model, the initial amount present in an exponential model (f (0) = b0 + k = 1 + k) or the rate of increase or decrease in an exponential model.  

3. Construct Viable Arguments and critique the reasoning of others.
· Justify the appropriateness of the use of a linear model vs. and exponential model.  
· 


Justify that the graph of  is a vertical translation of the graph of where is a linear or exponential function.
· Analyze errors and faulty reasoning in solution processes and use properties of mathematics to explain where the error occurred.
4. Model with Mathematics
· Translate the verbal representation of a linear or an exponential function to an algebraic representation of the function.
· Make predictions using functions and their transformations.
· Use systems of equations and inequalities to solve and model real world problems.
· Use explicit and recursive functions to model arithmetic and geometric sequences.  
· Model change using multiple representations of linear and exponential functions. 

5. Use appropriate tools strategically
· Use a calculator not only to get an answer but to verify their thinking about a problem.
· Select appropriate tools such as tables and graphs in solving real world problems using linear and exponential models.
  
6. Attend to precision
· Use mathematics vocabulary such as average rate of change, intercepts and end behavior when discussing problems.
· Demonstrate their understanding of the mathematical processes required to solve a problem by carefully showing all of the steps in the solving process.
· Use the appropriate boundary line and shading when representing the solution to a linear inequality.
· Label final answers appropriately. 
· Label the axes of graphs and use appropriate scales.

7. Look for and make use of structure.
· Interpret arithmetic sequences as linear functions and geometric sequences as exponential functions.  
· Make connections and determine relationships between recursive and explicit formulas as well as linear and exponential functions.
· Make connections to skills and strategies previously learned to solve new problems/tasks.  

8. Look for and express regularity in reasoning
· Identify patterns and make generalizations using linear and exponential models.  
· Compare a parent exponential such as y = 2x to y = 2x + b using algebraic, numeric and graphic representations.  
· Make connections between context and algebraic representations which use function notation.
· Continually evaluate reasonableness of intermediate results.









Content Standards with Essential Skills and Knowledge Statements and Clarifications/Teacher Notes
The Content Standards and Essential Skills and Knowledge statements shown in this section come directly from the Algebra I framework document. Clarifications and teacher notes were added to provide additional support as needed. Educators should be cautioned against perceiving this as a checklist.  
Formatting Notes
· Red Bold- items unique to Maryland Common Core State Curriculum Frameworks
· Blue bold – words/phrases that are linked to clarifications
· Black bold underline- words within repeated standards that indicate the portion of the statement that is  emphasized at this point in the curriculum or words that draw attention to an area of focus
· Black bold- Cluster Notes-notes that pertain to all of the standards within the cluster
· Green bold – standard codes  from other courses that are referenced and  are hot linked to a full description

	Standard
	Essential Skills and Knowledge

	Clarification/Teacher Notes

	A.REI.5 Prove that, given a system of two equations in two variables, replacing one equation by the sum of that equation and a multiple of the other produces a system with the same solutions.

Note: Build on student experiences with graphing and solving systems of linear equations from middle school to focus on justification of the methods used. Include cases where the two equations describe the same line (yielding infinitely many solutions) and cases where two equations describe parallel lines (yielding no solution); connect to GPE.5 when it is taught in Geometry, which requires students to prove the slope criteria for parallel lines.

	· Ability to use various methods for solving systems of equations algebraically 
· Ability to identify the mathematical property (addition property of equality, distributive property, etc.) used at each step in the solution process as a means of justifying a step

	· Example

Given        



A student would multiply the 1st equation by 3 and create the new system shown below.




This new system has the same solution as the original system.




	A.REI.6 Solve systems of linear equations exactly and approximately (e.g., with graphs), focusing on pairs of linear equations in two variables.

	· Ability to extend  experiences with solving simultaneous linear equations from  8EE.8 b&c to include more complex situations 
· Ability to solve systems using the most efficient method

	· Include problems that give approximate answers so students will have to interpret the solution. For example:  Fitness for All is a fitness club that gets on average 17 new members to join per year and their current number of members is 214.  Work to Work Out is a fitness club that currently has 177 members and gets on average 22 members per year.  Let x represent the number of years and let y represent the total number of members.  At what point do both fitness clubs have the same number of members? Solution is (7.4, 339.8).  Have students approximate this by looking at a graph and then solve using elimination or substitution method to find an exact solution.  Students should be able to interpret and demonstrate conceptual knowledge of the solution to this system of linear equations by knowing the difference between estimating versus finding the exact solution. Students should also be able to explain what the solution means in the context of the problem.

	A.REI.10 Understand that the graph of an equation in two variables is the set of all its solutions plotted in the coordinate plane, often forming a curve (which could be a line).

Note: Focus on linear and exponential equations and be able to adapt and apply that learning to other types of equations in future courses.

	· Ability to construct an argument as to how the points that make up a curve connect to an algebraic representation of the function that is being represented by the graph

	· Students should be able describe the connections between the algebraic, graphic, numeric and verbal representations of a function.
· The use of the table and graph features of  a graphing calculator  can help develop student understanding of the fact that the coordinates of the points that make up a graph are solutions to the equation. 


	A.REI.11 Explain why the x-coordinates of the points where the graphs of the equations y = f(x) and y = g(x) intersect are the solutions of the equation f(x) = g(x); find the solutions approximately, e.g., using technology to graph the functions, make tables of values, or find successive approximations. Include cases where f(x) and/or g(x) are linear, polynomial, rational, absolute value, exponential, and logarithmic functions. ★
Note: Focus on cases where f(x) and g(x) are linear or exponential.
	· Ability to show the equality of two functions using multiple representations

	· 
To demonstrate the behaviors described in this standard,  given two functions a student could:
· 
Graph on the same coordinate plane.  
· 
Identify the x-coordinate of the point of intersection of the graphs of 
· 
Substitute the x-coordinate of the point of intersection into to show that the output values are the same.
· 

Conclude that since the output values of  were equal for a given input value that the input value is the solution to .

	A.REI.12 Graph the solutions to a linear inequality in two variables as a half-plane (excluding the boundary in the case of a strict inequality), and graph the solution set to a system of linear inequalities in two variables as the intersection of the corresponding half-planes.

	· Ability to explain why a particular shaded region represents the solution of a given linear inequality or system of linear inequalities
· Ability to convey the mathematics behind the dotted versus solid boundary lines used when graphing the solutions to linear inequalities




	

	F.IF.1 Understand that a function from one set (called the domain) to another set (called the range) assigns to each element of the domain exactly one element of the range. If f is a function and x is an element of its domain, then f(x) denotes the output of f corresponding to the input x. The graph of f is the graph of the equation y = f(x).

Note: Students should experience a variety of types of situations modeled by functions. Detailed analysis of any particular class of functions at this stage is not advised. Students should apply these concepts throughout their future mathematics courses. Draw examples from linear and exponential functions.





	· Ability to determine if a relation is a function
· Ability to identify the domain and range of a function from multiple representations
· Ability to use function notation
· Knowledge of and ability to apply the vertical line test

	

	F.IF.2 Use function notation, evaluate functions for inputs in their domains, and interpret statements that use function notation in terms of a context.

	· Ability to make connections between context and algebraic representations which use function notation


	· Explore a variety of types of situations modeled by functions. 
· Have students create contextual examples that can be modeled by linear or exponential functions. 






	F.IF.3 Recognize that sequences are functions, sometimes defined recursively, whose domain is a subset of the integers. For example, the Fibonacci sequence is defined recursively by f(0) = f(1) = 1, f(n+1) = f(n) + f(n-1) for n ≥ 1.

Note: Draw connection to F.BF.2, which requires students to write arithmetic and geometric sequences. Emphasize arithmetic and geometric sequences as examples of linear and exponential functions
	· See the skills and knowledge that are stated in the Standard.
	· Have students use a variety of sequences to test the definition of function.

	F.IF.4 For a function that models a relationship between two quantities, interpret key features of the graph and the table in terms of the quantities, and sketch the graph showing key features given a verbal description of the relationship. Key features include: intercepts; intervals where the function is increasing, decreasing, positive, or negative; relative maximums and minimums; symmetries; end behavior; and periodicity. ★

Note: Focus on linear and exponential functions.




	· Ability to translate from algebraic representations to graphic or numeric representations and identify key features using the various representations

	· Given the algebraic or verbal representation of a linear function ask students to identify the intercepts and rate of change in terms of the context of the model.
· Given the verbal representation of a linear or and exponential function ask students to construct a graph of the function which displays the key features.
· Given the algebraic or verbal representation of an exponential function ask students to identify the intercept(s) and end behavior in terms of the context of the model.




	F.IF.5 Relate the domain of a function to its graph and, where applicable, to the quantitative relationship it describes. For example, if the function h(n) gives the number of person-hours it takes to assemble n engines in a factory, then the positive integers would be an appropriate domain for the function. ★
Note: Focus on linear and exponential functions.
Note: This is an overarching standard that has applications in multiple units.

	· Ability to relate the concept of domain to each function studied 
· Ability to describe the restrictions on the domain of all functions based on real world context

	

	F.IF.6 Calculate and interpret the average rate of change of a function (presented symbolically or as a table) over a specified interval. Estimate the rate of change from a graph. ★

Note: Focus on linear functions and exponential functions whose domain is a subset of the integers. Unit 5 in this course and the Algebra II course address other types of functions.

	· Knowledge that the rate of change of a function can be positive, negative or zero  
· Ability to identify the rate of change from multiple representations 

	· 
The formula for average rate of change is . For the purposes of F.IF.6 the problem should specify the interval and a student should be able to calculate the average rate of change given the algebraic representation or should be able to estimate the average rate of change given a graphic representation of a function. 









	

Cluster Note: For F.IF.7a, and 9 focus on linear and exponentials functions. Include comparisons of two functions presented algebraically. For example, compare the growth of two linear functions, or two exponential functions such as  and 

	F.IF.7 Graph functions expressed symbolically and show key features of the graph, by hand in simple cases and using technology for more complicated cases. ★

F.IF.7.a. Graph linear and quadratic functions and show intercepts, maxima, and minima.
	· See the skills and knowledge that are stated in the Standard.


	·  Focus on graphing linear functions both by hand and using a graphing calculator. 

	F.IF.9 Compare properties of two functions each represented in a different way (algebraically, graphically, numerically in tables, or by verbal descriptions). 
Note: This is an overarching standard that will be visited again in Unit 5 Quadratic Functions and Modeling and in Algebra II
	· Ability to recognize common attributes of a function from various representations 


	· While the main focus should be on linear and exponential functions instruction addressing this standard should also include the comparison of functional relationships that are not defined by a specific named function. 

Example
     Compare the properties of the two 
     functions graphed below.




[image: http://t1.gstatic.com/images?q=tbn:ANd9GcS6wDHjr0KGaayE_NIOjhsalgThKLINgD57IrrT0TSXIZmn44EzwMnnyrVCQg][image: http://math12.vln.dreamhosters.com/images/math12.vln.dreamhosters.com/7/7e/Orginal_piece_wise_function_(1).png]

	Cluster Note: Limit F.BF.1a to linear and exponential functions.

	F.BF.1 Write a function that describes a relationship between two quantities. ★
F.BF.1.a. Determine an explicit expression, a recursive process, or steps for calculation from a context.
	· See the skills and knowledge that are stated in the Standard.


	· Students might use spreadsheets or similar technology in modeling situations to compute and display recursively defined functions. For example, a function that gives the balance Bn on a credit card after n months given the interest rate, starting balance and regular monthly payment. 

	F.BF.3 Identify the effect on the graph of replacing f(x) by
 f(x) + k, k f(x), f(kx), and f(x + k) for specific values of k (both positive and negative); find the value of k given the graphs. Experiment with cases and illustrate an explanation of the effects on the graph using technology. 

Note: Focus on vertical translations of graphs of linear and exponential functions. Relate the vertical translation of a linear function to its y-intercept.  While applying other transformations to a linear graph is appropriate at this level, it may be difficult for students to identify or distinguish between the effects of the other transformations included in this standard.
	· See the skills and knowledge that are stated in the Standard.


	

	F.LE.1 Distinguish between situations that can be modeled with linear functions and with exponential functions.

a. Prove that linear functions grow by equal differences over equal intervals; and that exponential functions grow by equal factors over equal intervals.
	· See the skills and knowledge that are stated in the Standard.

	· Example: Suppose you have a choice of two different jobs at graduation. Job A starts at $35,000 with a 5% per year increase. Job B starts at $42,000 with $1100 per year raise. Which should you choose?
· Students should compare differences over equal intervals and determine which is linear and which is exponential. 

	F.LE.1.b. Recognize situations in which one quantity changes at a constant rate per unit interval relative to another.
	· Ability to recognize a linear relationship

	· Provide students with problems that use multiple representations of linear functions; graphs, table of values, equations and contextual situations.

	F.LE.1.c. Recognize situations in which a quantity grows or decays by a constant percent rate per unit interval relative to another.

	· Ability to recognize an exponential relationship

	· Provide students with problems that use multiple representations of exponential functions; graphs, table of values, equations and contextual situations.

	F.LE.2 Construct linear and exponential functions, including arithmetic and geometric sequences, given a graph, a description of a relationship, or two input-output pairs (include reading these from a table).

Note: In constructing linear functions draw on and consolidate previous work on finding equations for lines and linear functions (8.EE.6, 8.F).
	· Ability to produce an algebraic model 

	

	F.LE.3 Observe using graphs and tables that a quantity increasing exponentially eventually exceeds a quantity increasing linearly, quadratically, or (more generally) as a polynomial function.

Note: Limit to comparisons between linear and exponential models. 
	· See the skills and knowledge that are stated in the Standard.
	· Students could use graphing calculator or software to gain understanding of how a quantity increasing exponentially will exceed a quantity increasing linearly. Provide several different modeling situations. 

	F.LE.5 Interpret the parameters in a linear or exponential function in terms of a context.

Note: Limit exponential functions to those of the form  f(x) = bx + k.
	· Ability to interpret the slope and y-intercept of a linear model in terms of context
· 
Ability to identify  the  initial amount present in an exponential model
· Ability to interpret the rate of increase/decrease in an exponential model
	
























Vocabulary/Terminology/Concepts
The following definitions/examples are provided to help the reader decode the language used in the standard or the Essential Skills and Knowledge statements.  This list is not intended to serve as a complete list of the mathematical vocabulary that students would need in order to gain full understanding of the concepts in the unit. 
	Term
	Standard
	Definition

	average rate of change
	F.IF.6 Calculate and interpret the average rate of change of a function (presented symbolically or as a table) over a specified interval. Estimate the rate of change from a graph. 


	
The formula for average rate of change is . 
For the purposes of F.IF.6 the problem should specify the interval and a student
should be able to calculate the average rate of change given the
algebraic representation or should be able to estimate the average rate of
change given a graphic representation of a function. 



	Fibonacci sequence
	F.IF.3 Recognize that sequences are functions, sometimes defined recursively, whose domain is a subset of the integers. For example, the Fibonacci sequence is defined recursively by f(0) = f(1) = 1, f(n+1) = f(n) + f(n-1) for n ≥ 1.


	In mathematics, the Fibonacci numbers are the numbers in the following integer sequence:
	0,1,1,2,3,5,8,13,21,34,55,89,144,…..
By definition, the first two Fibonacci numbers are 0 and 1, and each subsequent number is the sum of the previous two.


In mathematical terms, the sequence Fn of Fibonacci numbers is defined by the recursive relation  with seed values 
For standard F.IF.3 the reference is made to the Fibonacci sequence because it is a sequence that is recursively defined.  Recursively defined means that the next term in the sequence is determined by using previous terms in the sequence after being given initial seed values.

	maxima
	F.IF.7 Graph functions expressed symbolically and show key features of the graph, by hand in simple cases and using technology for more complicated cases. 

F.IF.7.a. Graph linear and quadratic functions and show intercepts, maxima, and minima.

	Maxima is the plural of the word maximum.  The maxima of a function are the largest “y” values in the range of the function. In the case of quadratic function there will be either one maximum value or one minimum value.

See 
http://www.mathsisfun.com/algebra/functions-maxima-minima.html
for a more precise explanation

Note: 
Students address the portion of the standard that refers to “maxima” in units 4 and 5 of Algebra I when studying quadratic functions.  

	minima
	F.IF.7 Graph functions expressed symbolically and show key features of the graph, by hand in simple cases and using technology for more complicated cases. 

F.IF.7.a. Graph linear and quadratic functions and show intercepts, maxima, and minima.

	Minima is the plural of the word minimum.  The minima of a function are the smallest “y” values in the range of the function. In the case of quadratic function there will be either one maximum value or one minimum value.

See 
http://www.mathsisfun.com/algebra/functions-maxima-minima.html
for a more precise explanation

Note: 
Students will address the portion of the standard that refers to “minima” in units 4 and 5 of Algebra I when studying quadratic functions.

	parameter
	F.LE.5 Interpret the parameters in a linear or exponential function in terms of a context.


	

A constant or variable term in a function that when changed has an effect on the behavior of the graph of the function but not its general nature. For example, when the parameter  in the linear function  is changed to various numeric values the function is still linear but the graph of the various functions created will differ only in slope.
              Examples:



							
 (
parameters
) (
parameters
) (
parameters
)
          

 Example: Given  a student could identify  the initial amount of the specified quantity was 1 and the rate of change is 2. 


	periodicity
	F.IF.4 For a function that models a relationship between two quantities, interpret key features of the graph and the table in terms of the quantities, and sketch the graph showing key features given a verbal description of the relationship. Key features include: intercepts; intervals where the function is increasing, decreasing, positive, or negative; relative maximums and minimums; symmetries; end behavior; and periodicity. Note: Focus on linear and exponential functions.
	Something that repeats at regular intervals is said to have periodicity.  Trigonometric functions are thought of as periodic functions because their function values repeat over regular intervals. The reference to “periodicity” in this standard means that dealing with the graph of a trigonometric or other periodic function that the student should be able to identify or display the period of the graph. 

Note
The reference to “periodicity” in this standard is applicable when students study  trigonometric functions in Unit 2 of Algebra II.

	quadratic functions
	F.IF.7 Graph functions expressed symbolically and show key features of the graph, by hand in simple cases and using technology for more complicated cases. 
a. Graph linear and quadratic functions and show intercepts, maxima, and minima.

	
Quadratic functions are polynomial functions of the form 




Note: 
The reference to “quadratic functions ” in this standard is applicable when students study  quadratic functions in Units 4 and 5 of Algebra I.

	successive approximations
	A.REI.11 Explain why the x-coordinates of the points where the graphs of the equations y = f(x) and y = g(x) intersect are the solutions of the equation f(x) = g(x); find the solutions approximately, e.g., using technology to graph the functions, make tables of values, or find successive approximations. Include cases where f(x) and/or g(x) are linear, polynomial, rational, absolute value, exponential, and logarithmic functions. 
Note: Focus on cases where f(x) and g(x) are linear or exponential.
	Any method of solving a problem in which an approximate solution is first calculated, this solution is then used in computing an improved approximation, and the process is repeated as many times as desired. In standard A.REI.11 successive approximations would refer to substituting a number into 2 functions in an attempt to find a value for which a given input would produce the same output. The output after each substitution would guide the selection of the next input. 


	trigonometric functions
	F.IF.7.e. Graph exponential and logarithmic functions, showing intercepts and end behavior, and trigonometric functions, showing period, midline, and amplitude.

	Trigonometric functions are functions of angle measures.  The trigonometric functions include the sine, cosine, tangent, cotangent, cosecant and secant functions.


Note: 
The reference to “trigonometric  functions ” in this standard is applicable when students study  trigonometric functions in Unit 2 of Algebra II



Progressions from the Common Core State Standards in Mathematics
For an in-depth discussion of overarching, “big picture” perspective on student learning of the Common Core State Standards please access the documents found at the site below. 

http://ime.math.arizona.edu/progressions/

High School Progression document on Algebra
http://commoncoretools.me/2012/12/04/draft-progressions-on-high-school-algebra-and-functions/

High School Progression document on Functions
http://commoncoretools.me/2012/12/04/draft-progressions-on-high-school-algebra-and-functions/




















Vertical Alignment
Vertical curriculum alignment provides two pieces of information:
· A description of prior learning that should support the learning of the concepts in this unit
· A description of how the concepts studied in this unit will support the learning of other mathematical concepts

	Previous Mathematics
	Algebra I Unit 2
	Future Mathematics

	Concepts developed in previous mathematics course/units which serve as a foundation for the development of the “Key Concept”
	Key Concept(s)
	Concepts that a student will study either later in Algebra I or in another high school mathematics course for which this “Key Concept” will be a foundation.

	The following skills/understandings developed in Middle school should support students in learning “Solve Systems of Equations where the system is comprised of different types of functions”:
· Solving one-variable linear equations (including infinite solutions and no solutions)-at the high school level this becomes a fluency expectation.
· Graphing and solving systems of linear equations.
	Solve Systems of Equations  where the system is comprised of different types of functions
(Graphically)
	Later in Algebra I students will solve systems of equations comprised of linear and quadratic functions by finding the point of intersection of the graphs of the functions.

In Algebra II students will:
· solve systems of equations that include polynomial, exponential, rational, radical, absolute value and logarithmic functions.
· solve systems of three equations-3 unkowns

In Future Mathematics Course(s) students will solve real word problems that are modeled by larger systems of equations.

	The following skills/understandings developed in Middle school should support students in learning “Solving Systems of Linear Inequalities”:
· Ability to develop correct usage of all four inequality symbols and related terminology (at least, no more than, etc.)
· Ability to solve inequalities to determine the solution set
	Solving Systems of Linear Inequalities
	In Algebra II students will:
· represent constraints by systems of inequalities.
· interpret solutions as viable or non-viable options in a modeling context.


	The following skills/understandings developed in Middle school should support students in learning “Understanding the concept of functions and use function notation”:
· Understand that a function is a rule that assigns to each input exactly one output. The graph of a function is the set of ordered pairs consisting of an input and the corresponding output (function notation is not required in Grade 8). 
· Compare properties of two functions each represented in a different way (algebraically, graphically, numerically in tables, or by verbal descriptions).
	Understanding the concept of functions and use function notation

	Later in Algebra I students will apply knowledge of linear and exponential functions to quadratic functions.

In Geometry students will describe transformations as functions.
In Algebra II students will work with linear, exponential, polynomial, radical, absolute value, rational, logarithmic and trigonometric functions. 

	The following skills/understandings developed in Middle school should support students in learning “Linear Functions”:
· Interpret the equation y = mx + b as defining a linear function, whose graph is a straight line; give examples of functions that are not linear. 
· Construct a function to model a linear relationship between two quantities. Determine the rate of change and initial value of the function from a description of a relationship or from two (x, y) values, including reading these from a table or from a graph. Interpret the rate of change and initial value of a linear function in terms of the situation it models, and in terms of its graph or a table of values.
· Describe qualitatively the functional relationship between two quantities by analyzing a graph (e.g., where the function is increasing or decreasing, linear or nonlinear). Sketch a graph that exhibits the qualitative features of a function that has been described verbally. 

	Linear Functions
· Domain and Range
· Evaluating
· Graphing
· Features of the graph
· Analyzing the various representations  
· Modeling
	Later in Algebra I students will:
· determine restrictions on domain and range of quadratic, absolute value, square root, cube root, and piecewise functions based on real world context.
· identify the rate of change over an interval in quadratic, absolute value, square root, cube root, and piecewise functions.
· relate the domain of a quadratic, absolute value, square root, cube root, and piecewise function to its graph.

In Algebra II and Future Mathematics students will identify the domain and range, evaluate, graph, describe and model using rational, polynomial, radical, trigonometric, and logarithmic functions.


	The following skills/understandings developed in Middle school should support students in learning “Exponential Functions”:

· Graphing equations 
· Laws of exponents

	Exponential Functions 
· Domain and range
· Evaluating over the set of rational numbers
· Graphing
· Features of the graph
· Analyzing the various representations  
· Modeling
	Later in Algebra I students will:
· determine restrictions on the domain and range of quadratic, absolute value, square root, cube root and piecewise functions based on real world context.
· identify the rate of change over an interval in a quadratic, absolute value, square root, cube root and piecewise function.
· relate the domain of a quadratic, absolute value, radical and piecewise function to its graph.



In Algebra II and  Future Mathematics students will:
· identify the domain and range, evaluate, graph, describe and model using rational, polynomial, radical, trigonometric, and logarithmic  functions.
· Find equations of inverse functions.
· make connections between the domain and range of a function and its inverse. 


	The following skills/understandings developed in Middle school should support students in learning “Applications of Linear and Exponential Functions”:
· Finding equations of lines (slope-intercept, point slope or standard form). 
· Finding equations of linear functions based on data.
	Applications of Linear and Exponential Functions
· Arithmetic Sequences
· Geometric Sequences
	In Algebra II students will model using linear, exponential, polynomial, radical, absolute value, piecewise-defined, rational, logarithmic and trigonometric functions. 
In Future Mathematics students will develop further understanding of sequences and their relationship with series.
 

	The following skills/understandings developed in Middle school should support students in learning “Transformation of functions”:
· Verify experimentally the properties of rotations, reflections, and translations. 
· Understand that a two-dimensional figure is congruent to another if the second can be obtained from the first by a sequence of rotations, reflections, and translations; given two congruent figures, describe a sequence that exhibits the congruence between them. 
· Describe the effect of dilations, translations, rotations, and reflections on two-dimensional figures using coordinates.
· Understand that a two-dimensional figure is similar to another if the second can be obtained from the first by a sequence of rotations, reflections, translations, and dilations; given two similar two-dimensional figures, describe a sequence that exhibits the similarity between them.











	Transformation of functions
	In Algebra I students will:
· 
 make generalizations about the changes that will result in the graph of any function as a result of making a change to the algebraic representation of the function. 
In Geometry students will:
· make connections between function  transformations and geometric transformations.
· understand that rigid  transformations preserve the shape of a figure  
· develop definitions of rotations, reflections, and translations in terms of angles, circles, perpendicular lines, parallel lines, and line segments.
· specify a sequence of transformations that will carry a given figure onto another.
· understand that rigid motion (transformation) is the basis for congruence in geometry.
· understand that transformations, including non-rigid motion, are the basis for similarity in geometry.

In Algebra II students will graph functions through transformations.

	The following skills/understandings developed in Middle school should support students in learning “Compare and contrast linear and exponential functions”:
· Compare/contrast data displayed on two dot plots and to make inferences from the data. 
· Compare slopes of lines. 
	Compare and contrast linear and exponential functions
	In Algebra I students will:
· analyze the graph quadratic functions based on transformations to the parent function. 
· compare and contrast linear, exponential and quadratic functions given a graphic, numeric, algebraic or verbal representation.
· connect experience with linear and exponential to write the algebraic representation of a quadratic function from a contextual situation.

In Geometry students will compare and contrast geometric figures. 

In Algebra II students will distinguish between linear, quadratic, exponential,  polynomial,  trigonometric, logarithmic,  radical and simple rational relationships given the verbal, numeric and/or graphic representations.




Common Misconceptions
This list includes general misunderstandings and issues that frequently hinder student mastery of concepts regarding the content of this unit.
	Topic/Standard/
Concept
	Misconception
	Strategies to Address Misconception

	Solving systems of equations in two variables 
	Students may have difficulty in interpreting the results that occur when solving systems of equations that yields no solution. (parallel lines)
For example, in the system

                  
A student might elect to use the substitution  method when solving the system, yielding 

                  
Upon seeing that the variables have been eliminated the student believes that a mistake has been made. 
	Possible strategies for dealing with this issue:
· Produce the graph of each equation in the system. Emphasize that the points that form each line all have coordinates that represent solutions to the equations.  Since the lines do not share any common points there are no common solutions.  Remind students that when solving a system that they are looking for common solutions.  Summarize by asking students to hypothesize about a characteristic of the graphic representation of a system that has no solution.


	Solving systems of equations in two variables
	When solving a system of equations using the substitution method, the student may do the following which indicates a lack of understanding of the substitution method.
When solving the system below

               






A student may take the second equation and solve for  and get .  At this point instead  of replacing the in the first equation with  the student replaces the in the second equation with , giving the result of

                
	Students need to understand “why” it is not OK  to substitute back into the equation that they used to derive a value for one of the variables.  
Possible strategies to address this issue:
· Explain that since you are looking for an ordered pair whose values act as a solution for both equations, both equations must come into play when solving the system. By substituting back into the original equation the second equation is never considered.
· Complete several examples making this same mistake and show that this process will always result in a true statement containing no variables. This means the system has an infinite number of solutions but a look at the graph of the system of equations clearly shows that there is one solution. 

	Solving systems of equations in two variables
	Students may have difficulty in interpreting the results that occur when solving systems of equations that yield an infinite number of solutions (concurrent lines).
For example, in the system

                  





a student might elect to either multiply the first equation by -2 and then combine the two equations resulting in the equation , or the student might use substitution and replace in the second equation with  and then attempt to solve for  but in doing so ends up with . In either case the student thinks that a mistake has been made. 
 





	Possible strategies for dealing with issue include:
· Produce the graph of each equation in the system to show that the solution sets of each equation are identical because the graphs of each equation are the same.
· Produce a table of values representing the solutions for each equation and show that the values are the same for each equation.
· Discuss that the algebraic representation of the first equation can be modified to perfectly match the second equation by using a property of equality.



	Linear inequalities
	Students do not understand that linear inequalities in two variables have an infinite number of solutions that are represented by ordered pairs.  They further do not understand that it would be impossible to list every solution to the linear inequality and that they must therefore provide a graphic representation of all of the solutions by first graphing the boundary line and then shading the region that contains all of the points whose coordinates are solutions. 
	Ask students to substitute the coordinates of several points from each side of the boundary line into the linear inequality.  Ask them how they would represent all of the points whose coordinates would make the linear inequality true. Help them to see that they could use shading to cover all points that are solutions to the linear inequality. 

	Linear inequalities in two variables 
	When graphing an inequality, students may be confused as to when to draw a dotted line and when to draw a solid line for the inequality.

	Ask students to substitute the coordinates of several points from the boundary line into the linear inequality.  Ask them how they might distinguish between situations where the points on the boundary make the linear inequality true and when the points on the boundary make the linear inequality false. 
Explain the accepted convention of using a dotted versus a solid line to distinguish between the two situations. 

	Linear inequalities in two variables
	When graphing the solution set to a system of linear inequalities, students may see the union of both shaded graphical regions as the solution to a system of linear inequalities instead of the intersection of both shaded regions.
	Ask students to substitute the coordinates of points from each of the various shaded regions into each of the linear inequalities in the system.  Emphasize that only points from the overlapping shaded region will have coordinates whose values make both inequalities true. 

	System of linear inequalities in two variables
	When representing the solution of a system of inequalities that results in the null set, students may not realize that the system has no solution and that they should make a statement indicating that the solution is the null set. 
	 Ask students to substitute the coordinates of points from each of the various shaded regions into each of the linear inequalities in the system. Show that none of the shaded regions contain points whose coordinates make both inequalities true.

	Concept of function
	When determining whether a given relation is a function, students may confuse the domain and range and therefore state that a relation that has range values that are repeated is not a function. 
	Students typically understand the vertical line test, therefore ask students to make a graph of the points in a relation to see if the graph would pass the vertical line test.

	Function Notation
	When students are first introduced to function notation they may think that    means .

	It is important for the teacher to  always use function notation and to read such notation as “f of x” or “function of x” and insist that students use the same language when referring to function notation.  It will take repeated practice over time to overcome such a misconception.

	Concept of function
	When identifying the domain of a function that represents a contextual situation, students may identify the mathematical domain of the function instead of the contextual domain.
	Before asking students to identify the domain of a function which models a situation, have a discussion about possible realistic values for the independent variable in the scenario. 

	Concept of function
	When asked to identify the domain of a function given a graphic representation , students  may believe that the domain of the function only includes x-values that are showing on the graph when in fact, the domain might extend beyond the graph even as far as to include all real numbers. 
	Ask students to analyze the algebraic and numeric representations of the function.  Use the algebraic representation to evaluate the function at values that are not visible on the graphic display.  This will allow students to see whether or not the domain actually extends beyond what is immediately visible on the provided graph.
Or
Use the capabilities of a graphing calculator to change the window to include additional values of x or switch to the table view and show that points beyond those visible on the initial graph do exist for the given function.

	Sequences
	Students may believe that all geometric sequences are exponential functions.
	 Ask students to compare and contrast geometric sequences and exponential functions.   Bring out the fact that geometric sequences can include situations where the value of  the common ratio is negative.  




For example the sequence  is geometric but it cannot be treated as an exponential function because the common ratio is  and the formula for the general term is .  Stress that  this cannot be an exponential function because  would produce non-real values.


















Model Lesson Plans

	The lesson plan(s) have been written with specific standards in mind.  Each model lesson plan is only a MODEL – one way the lesson could be developed.  We have NOT included any references to the timing associated with delivering this model.  Each teacher will need to make decisions related ot the timing of the lesson plan based on the learning needs of students in the class. The model lesson plans are designed to generate evidence of student understanding.  This chart indicates one or more lesson plans which have been developed for this unit.  Lesson plans are being written and posted on the Curriculum Management System as they are completed.  Please check back periodically for additional postings.
	Standard(s) Addressed
	Title
	Suggested Use/Description


	A.RE1.6

	Systems of Equations through the Lens of Art Integration
	This lesson plan uses art to motivate students for a lesson on solving systems of linear equations. In this lesson students will:
· understand that the point of intersection of a system of equations satisfies both equations.
· translate a real world problem to a system of equations. 
· solve systems of linear equations algebraically, graphically and numerically.
· select the most efficient method to solve a system of equations.
· verify that the coordinates of the point of two graphs makes both equations in the system true.
















Lesson Seeds
The lesson seeds have been written particularly for the unit, with specific standards in mind.  The suggested activities are not intended to be prescriptive, exhaustive, or sequential; they simply demonstrate how specific content can be used to help students learn the skills described in the standards. They are designed to generate evidence of student understanding and give teachers ideas for developing their own activities. 
This chart indicates one or more lesson seeds which have been developed for this unit.  Lesson seeds are being written and posted on the Curriculum Management System as they are completed.  Please check back periodically for additional postings.

	Standard(s) Addressed
	Title
	Suggested Use/Description


	A.REI.6
	Solving Systems of Equations

	Reinforcement
This activity will help students better understand how systems of equations are created in order to demystify this topic. This lesson seed describes a non traditional approach that helps to build conceptual understanding of the fact that the solution to a system of equations is an ordered pair whose coordinates are solutions of all equations in the system.  (addition/ linear combination).

	A.REI.10
A.REI.11

	Introduction to Solving Systems of Equations Graphically

	Introduction
 This seed provides an introductory activity that could be used for a  t lesson on solving systems of equations graphically.















Sample Assessment Items
The items included in this component will be aligned to the standards in the unit.

	Topic
	Standards Addressed
	Link
	Notes

	Exponential Functions
	F.BF.2
F.LE.2 
	http://www.ccsstoolbox.com/parcc/PARCCPrototype_main.html

	The “Cellular Growth” task provides a contextual task related to exponential functions. 

	Modeling
	F.BF.1
F.IF.4
	http://www.ccsstoolbox.com/parcc/PARCCPrototype_main.html

	Isabella’s Credit Card task
The CCSSM content standards for this task are starred; that is, they require the use of a modeling perspective. Students are expected to make sense of the contextual situation, extract and use mathematics to model the situation, answer mathematical questions, and then solve the problem within the context. This three-part task requires the use of the Standards for Mathematical Practice—MP.2: Reason abstractly and quantitatively, and MP.4: Model with mathematics—thus making it a “practice forward” task. 
The CCSSM calls for students to interpret key features of a quantitative relationship from tables with respect to a context as well as to determine a recursive process or describe steps for calculation from a context. These skills are often assumed but not explicitly called out in current state standards. However, they are explicit targets in the CCSSM. A spreadsheet is an appropriate tool for the iterative computations involved in many recursive processes, and is, in fact, one of the tools explicitly mentioned in Standard for Mathematical Practice 5: Use appropriate tools strategically.

	Exponential Functions
	F.BF.1
F.LE.2
	http://www.ccsstoolbox.com/parcc/PARCCPrototype_main.html

	This is a link to tasks from the CCSSM which ask students to construct exponential functions (including geometric sequences that arise from data in a table) and interpret the parameters in an exponential function with respect to a context. The CCSSM content standards for this task are starred; that is, they require the use of a modeling perspective. Students make sense of the contextual situation, extract and use mathematics to model the situation and answer mathematical questions, and then return to solve the problem within the context. In addition, this three-part task requires the use of Standard for Mathematical Practice 4: Model with mathematics—thus making it a “practice forward” task. Students are asked to interpret their mathematical results in the context of the situation and reflect on whether the results make sense. 
In this task, students analyze the situation (rabbit population growth) and create a mathematical model that represents it. Students are then presented with a second rabbit population that is slightly different and asked to compare the models for the two populations. This requires students to identify which function parameters and key features of the graph will change based on the adjustment in context. Students then use the two models together to answer mathematical questions.








Resources
This section contains links to materials that are intended to support content instruction in this unit.
	Topic
	Standards Addressed
	Link
	Notes

	Systems of Equations and Inequalities
	A.REI Cluster 
	http://www.mathematicsvisionproject.org/uploads/1/1/6/3/11636986/sec1_mod1_systems_se_90312.pdf
	This is a link to a 138 page Module which contains a variety of instructional materials which deal with systems of linear equations and inequalities. 

	All Topics
	All standards
	http://www.mathematicsvisionproject.org/
	This is a link to resources developed by the Mathematics Vision Project in conjunction with the Utah State Department of Education.  The resources were developed for the integrated pathway but many have application in the traditional pathway.

	All Topics
	All standards
	http://nsdl.org/commcore/math?id=HS.F

	This is a link to the NSDL Math Common Core Collection which contains digital learning objects that are related to specific Math Common Core State Standards. 

	All Topics
	All standards
	http://www.ccsstoolbox.org/

	Check this site periodically for new additions
Click on:
· Resources for Implementation
· PARCC Prototyping Project
· High School Tasks
· Name of the task

	All Topics
	All standards
	https://www.desmos.com/
	This is a link to an online graphing calculator that has many different types of applications

	All Topics
	All standards
	http://insidemathematics.org/index.php/mathematical-content-standards

	This site features classroom examples of innovative teaching methods and insights into student learning, tools for mathematics instruction that teachers can use immediately, and video tours of the ideas and materials on the site.

	All Topics
	All standards
	http://www.parcconline.org/samples/mathematics/high-school-mathematics

	This is a link to the PARCC Prototype items. Check this site periodically for new items and assessment information. 

	All Topics
	All standards
	http://www.parcconline.org/sites/parcc/files/PARCCMCFMathematicsNovember2012V3_FINAL.pdf

	This is a link to the PARCC Model Content Frameworks.  Pages 39 through 59 of the PARCC Model Content Frameworks provide valuable information about the standards and assessments. 




PARCC Components


Key Advances from Grades K–8 
According to the Partnership for Assessment of Readiness for College and Careers (PARCC), these standards highlight major steps in a
progression of increasing knowledge and skill. 

PARCC cited the following areas from which the study of the content in Algebra I Unit 2 should progress:


· Themes beginning in middle school algebra continue and deepen during high school. As early as grades 6 and 7, students began to use the properties of operations to generate equivalent expressions (6.EE.3, 7.EE.1). By grade 7, they began to recognize that rewriting expressions in different forms could be useful in problem solving (7.EE.2). In Algebra I, these aspects of algebra carry forward as students continue to use properties of operations to rewrite expressions, gaining fluency and engaging in what has been called “mindful manipulation.”
· Students in grade 8 extended their prior understanding of proportional relationships to begin working with functions, with an emphasis on linear functions. In Algebra I, students will master linear and quadratic functions. Students encounter other kinds of functions to ensure that general principles are perceived in generality, as well as to enrich the range of quantitative relationships considered in problems. 
· Students in grade 8 connected their knowledge about proportional relationships, lines, and linear equations (8.EE.5, 6). In Algebra I, students solidify their understanding of the analytic geometry of lines. They understand that in the Cartesian coordinate plane: 

· The graph of any linear equation in two variables is a line.
· Any line is the graph of a linear equation in two variables. 

· Algebra I techniques open a huge variety of word problems that can be solved that were previously inaccessible or very complex in grades K-8. This expands problem solving from grades K-8 dramatically. 



Assessment Limits for Standards Assessed on More Than One End-Of-Year Test

	CCSSM Cluster
	CCSSM Key
	CCSSM Standard
	Algebra I Assessment Limits and Clarifications
	Algebra II Assessment Limits and Clarifications

	Represent and solve equations and inequalities graphically
	A.REI.11
	Explain why the x-coordinates of the points where the graphs of the equations y=f(x) and y=g(x) intersect are the solutions of the equation
 f(x) =g(x); find the solutions approximately, e.g., using technology to graph the functions, make tables of values, or find successive approximations. Include cases where f(x) and/or g(x) are linear, polynomial, rational, absolute value, exponential, and logarithmic functions.  ★
	i) Tasks that assess conceptual understanding of the indicated concept may involve any of the function types mentioned in the standard except exponential and logarithmic functions.

ii)  Finding the solutions approximately is limited to cases where f(x) and g(x) are polynomial functions. 

	i) Tasks may involve any of the function types mentioned in the standard. 


	Solve Systems of Equations
	A.REI.6
	Solve systems of equations exactly and approximately (e.g. with graphs), focusing on pairs of linear equations in two variables. 
	i) Tasks have real-world context. 

ii) Tasks have hallmarks of modeling as a mathematical practice (less defined tasks, more of the modeling cycle, etc.)
	i) Tasks are limited to 3x3 systems 

	Build a function that models a relationship between two quantities
	F.BF.1a
	F.BF.1 Write a function that describes a relationship between two quantities. ★
a. Determine an explicit expression, a recursive process, or steps for calculation from a context.
	· Tasks have a real-world context.

	· Tasks have a real-world context.

· Tasks may involve linear functions, quadratic functions and exponential functions.

	Build new functions from existing functions.
	F.BF.3
	F.BF.3 Identify the effect on the graph of replacing f(x) by
 f(x) + k, k f(x), f(kx), and 
f(x + k) for specific values of k (both positive and negative); find the value of k given the graphs. Experiment with cases and illustrate an explanation of the effects on the graph using technology. 

	i) 
Identifying the effect on the graph of replacing 
    for specific values of k (both positive and negative) is limited to linear and quadratic functions.
 
ii) Experimenting with cases and illustrating an explanation of the effects on the graph using technology is limited to linear functions, quadratic functions, square root functions, cube root functions, piecewise- defined functions (including step functions and absolute value functions), and exponential functions with domains in the integers.

iii) Tasks do not involve recognizing even and odd functions
	i)  Tasks may involve polynomial, exponential, logarithmic and trigonometric functions.

ii) Tasks may involve recognizing even and odd functions.

The functions listed in note (i) are the same as those listed in the Algebra II column for F.IF.4, F.IF.6 and F.IF.9.

	Understand the concept of function and use function notation
	F.IF.3
	Recognize that sequences are functions, sometimes defined recursively, whose domain is a subset of the integers. For example, the Fibonacci sequence is defined recursively by f(0) = f(1) = 1, f(n+1) = f(n) + f(n-1) for n ≥ 1. 

	i) This standard is part of the Major work in Algebra I and will be assessed accordingly. 

	i) This standard is Supporting work in Algebra II. This standard should support the Major work in F-BF.2 for coherence. 


	Interpret functions that arise in applications in terms of context
	F.IF.4
	For a function that models a relationship between two quantities, interpret key features of graphs and tables in terms of the quantities, and sketch graphs showing key features given a verbal description of the relationship. Key features include: intercepts; intervals where the function is increasing, decreasing, positive, or negative; relative maximums and minimums; symmetries; end behavior; and periodicity.  
★
	i) Tasks have a real-world context.

ii)  Tasks are limited to linear functions, quadratic functions, square root functions, cube root functions, piecewise-defined functions (including step functions and absolute value functions), and exponential functions with domains in the integers. Compare note (ii) with standard F-IF.7. The function types listed here are the same as those listed in the Algebra I column for standards F-IF.6 and F-IF.9. 
	i) Tasks have a real-world context

ii) Tasks may involve polynomial, exponential, logarithmic, and trigonometric functions. Compare note (ii) with standard F-IF.7. The function types listed here are the same as those listed in the Algebra II column for standards F-IF.6 and F-IF.9 


	Interpret functions that arise in applications in terms of a context. 
	F.IF.6
	Calculate and interpret the average rate of change of a function (presented symbolically or as a table) over a specified interval. Estimate the rate of change from a graph. ★
Note: Focus on linear functions and exponential functions whose domain is a subset of the integers. Unit 5 in this course and the Algebra II course address other types of functions
	· Tasks have a real-world context.

· Tasks are limited to linear functions, quadratic functions, square root functions, cube root functions, piecewise-defined functions (including step functions absolute value functions) and exponential functions with domains in the integers. 
· The functions listed here are the same as those listed in the Algebra I column for Standards F.IF.4 and F.IF.9. 

	· Tasks have a real-world context.

· Tasks may involve polynomial, exponential, logarithmic, and trigonometric functions. 

· The functions listed here are the same as those listed in the Algebra II column for Standards F.IF.4 and F.IF.9.

	Analyze functions using different representations
	F.IF.9
	F.IF.9 Compare properties of two functions each represented in a different way (algebraically, graphically, numerically in tables, or by verbal descriptions). 

	· Tasks are limited to linear functions, quadratic functions, square root functions, cube root functions, piecewise-defined functions (including step functions absolute value functions) and exponential functions with domains in the integers. 

· The functions listed here are the same as those listed in the Algebra II column for Standards F.IF.4 and F.IF.6.
	· Tasks may involve polynomial, exponential, logarithmic, and trigonometric functions. 

· The functions listed here are the same as those listed in the Algebra II column for Standards F.IF.4 and F.IF.6.

	Construct and compare linear, quadratic and exponential models and solve problems. 
	F.LE.2
	Construct linear and exponential functions, including arithmetic and geometric sequences, given a graph, a description of a relationship, or two input-output pairs (include reading these from a table). 
	· Tasks are limited to constructing linear and exponential functions in simple context (not multi-step). 
	· Tasks will include solving multi-step problems by constructing linear and exponential functions.

	Interpret expressions for functions in terms of the situation they model. 
	F.LE.5
	F.LE.5 Interpret the parameters in a linear or exponential function in terms of a context. 

	· Tasks have a real-world context.

· Exponential functions are limited to those with domains in the integers.
	· Tasks have a real-world context.

· Tasks are limited to exponential functions with domains not  in the integers.




Fluency Recommendations
According to the Partnership for Assessment of Readiness for College and Careers (PARCC), the curricula should provide sufficient supports and opportunities for practice to help students gain fluency. PARCC cites the areas listed below as those areas where a student should be fluent. 

A/G 	Algebra I students become fluent in solving characteristic problems involving the analytic geometry of lines, such as writing down the equation of a line given a point and a slope. Such fluency can support them in solving less routine mathematical problems involving linearity, as well as in modeling linear phenomena (including modeling using systems of linear inequalities in two variables).
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★Modeling standard/ Restrict the domain of all exponential relationships to the set of integers
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