	Algebra II/Unit 1/Lesson Seed	[RATIONAL FUNCTIONS]



MSDE Mathematics Lesson Seed 
	Domains:  
· Seeing Structure in Expressions 
· Arithmetic with Polynomials and Rational Expressions
· Interpreting Functions

Cluster Statement:  
· Interpret the structure of expressions
· Write expressions in equivalent forms to solve problems
· Rewrite rational expressions
· Understand the concept of a function and use function notation
· Analyze functions using different representations
 
 Standard: 
A.SSE.2:  Use the structure of an expression to identify ways to rewrite it.

A.SSE.3:  Choose and produce an equivalent form of an expression to reveal and explain properties of the quantity represented by the expression.★

A.SSE.3a:  Factor a quadratic expression to reveal the zeros of the function it defines.

A.SSE.3b:  Complete the square in a quadratic expression to reveal the maximum or minimum value of the function it defines.


A.APR.6:  Rewrite simple rational expressions in different forms; write  in the form  where a(x), b(x), q(x), and r(x) are polynomials with the degree of r(x) less than the degree of b(x), using inspection, long division, or, for the more complicated examples, a computer algebra system.

F.IF.1: Understand that a function from one set (called the domain) to another set (called the range) assigns to each element of the domain exactly one element of the range. If f is a function and x is an element of its domain, then f(x) denotes the output of f corresponding to the input x. The graph of f is the graph of the equation y = f(x).

F.IF.7d (+): Graph rational functions, identifying zeros and asymptotes when suitable factorizations are available, and showing end behavior.



	Purpose/Big Idea:  
This activity would be introductory in nature.  The purpose would be to utilize graphs (and characteristics thereof) of rational functions so as to assist the student in constructing restrictions on the domain.  Students would begin their investigation on this concept with the “Are These Graphs Behaving Rationally” worksheet that outlines graphs of rational functions and their associated nuances.  This would be accomplished by identifying the zeros of the denominator (vertical asymptotes) and/or the “holes” (removable discontinuities) of the rational function via seeing structure in the denominator(s) as well as looking at various graphs derived from parent graphs.  Students should be familiar at this juncture with the definitions of domain, range, input, output, rational function/expression, asymptotes, and holes (removable discontinuities), respectively.  A quick reminder of these terms may be a prudent exercise for each teacher.



	Materials:  Generate an activity/worksheet of simple rational functions with their corresponding graphs.  Students would initially be asked to match the graphs of rational functions with their corresponding equation.  Learners should pay special attention to the unusual occurrences of the graphs of rational functions, like the vertical asymptotes and/or holes associated with said graphs.

Once students are thoroughly exposed to the nuances of the graphs of rational functions via the introductory worksheet/activity, the instructor would then transition to an investigation by asking students to consider the graphs of four rational functions.  Students would then be tasked to sketch these simple rational functions by hand with appropriate windows given to them from the instructor.  Students can also use graphing calculators as well with the zoom function so as to help them discern asymptotes and/or holes of the rational functions.  Upon completion of these rational functions, the instructor would segue to a discussion about domain, range, inputs, and outputs and connect discussions about “possible” values of x or values of x that “work” and defining what that means with respect to a graph (and its corresponding y value).  Finally, the instructor would reference the initial four rational functions that were sketched and ask students to make some conjectures about said functions’ domain based on this discussion.  Lastly, a few clarifying examples can be administered to formatively ascertain whether or not students have assimilated the concept.

	Description of how to use the activity:
· This lesson seed begins with an activity that is designed to build conceptual understanding of the characteristics of a rational function that cause holes and asymptotes in graphs.  It may need to be split into a second lesson seed for the follow up lesson on the domain of the rational functions.
· 
Algebra II students would begin with a worksheet (Are These Graphs Behaving Rationally?) given the graphs of the following four functions.  Students would be asked to match the graphs (which are given) of the following rational functions with its corresponding equations.  The equations are as follows: 
· 
Algebra II Honors students would be asked to graph the following four functions (in either groups or individually…on axes that are provided) and to describe the unusual occurrences of each graph at our around ;

  
Teachers can refer to “x” as the independent variable of a function and “y” will refer to the dependent variable.  Mathematical functions can be referred to as a minicomputer – that is,  someone can insert at one end a value (the “independent” variable) and you get something that is spit out at the other end (known as a value for the “dependent” variable).  Students need to be especially mindful of the fact that the restriction for something to be a function is that the input value never yields more than one output value. For example, for the function y = f(x) = x + 2, if I pick a value of 3 for x, then y = 5, and I get the ordered pair (3, 5). For any x value I put in, I get only one y value out – y is a function of x. 
· The terms “domain” and “range” both refer to the sets of values that are possible for a function’s variables to have. Domain is the set of possible values of the independent variable and range is the set of possible values of the dependent variable.   Question:  What does “possible” mean?   For domain, it means real numbers that yield real numbers as function output. In real-world problems, domain values also have to make sense – you can’t have a negative area or length or weight.  
· For teachers, it would be prudent to discuss the graphical notion of range as the concept of domain is discussed…and should alert their students that determining the range of a function is a bit more ambiguous.  
· As an initial example, for the function y = f(x) = x + 2, x can be any value, from negative infinity to positive infinity, and we would say the domain of this function is all real numbers (ℝ ), or (−∞,∞) in interval notation, or {x | -∞ < x < ∞} in set notation (read as “all x such that x is between negative infinity and positive infinity”). All real numbers make sense and yield real results. Question:  So, when can x not be just any value? Question:  Here is THE question you have to answer in order to define domain: Are there any x values I must exclude for some reason?  Whatever gets excluded becomes in effect the definition of the domain for that function.  Students at this point should be prompted to inspect the graphs of both the worksheet (if applicable) and those that they have personally generated to see if there are x values that are must be excluded because there is not a corresponding y value on the graph at that x coordinate.  
· Students should now begin to construct their interpretation of what the domain(s) of the graphs should be (of those that they have previously produced).  Students should think about values for x that “work” or are “possible”, reminding students that x values that “work” or are “possible” are those x values that have a corresponding y value associated with any x value.  For instance, if I can’t use a value of 5 for x, but I can use all other values, then x ≠ 5 defines the domain.  If x has to be greater than 0, then x > 0 defines the domain.  
· Students should be cognizant of the fact that – in general -  there are only two questions for all functions that a student  must  ask in order to define domain:  For Rational functions (Question #1): Are there any x values that will result in a division by zero and, therefore, make the function undefined?  Here is where the instructor can begin to talk about structure of the notion of the domain of a rational function by scrutinizing the denominator (The second question is with regards to Radicals - That is, Are there any x values that will result in a negative number under an even root radical sign (square root, fourth root, sixth root, etc.), yielding a non-real output?)  If the answer is “no” to both of these questions for any function (be it rational or radical…and there are no real-world constraints, then the domain is all real numbers – done! 



Clarifying example #1:  Define the domain of  
Step 1. Student should recognize that this is a rational function.  Possibly defining again what a rational function is (i.e., the quotient of two functions). 
 
Step 2. Grab the denominator, set it equal to zero, and solve for x.  Because this is a rational function, students must recognize that if the denominator equals zero, then the function would not be able to spit out a value at that particular x value; hence, students can see that this inputted x-value (that makes the denominator equal to zero) restricts the function’s y-value and, as a result, would not be part of the function’s corresponding domain.  x – 7 = 0 → x = 7 → this is what x cannot be.

Step 3. Define the domain: x ≠ 7 or (-∞, 7) ∪ (7, ∞) or {x | x ≠ 7}


Clarifying example #2:  Define the domain of 
Step 1. Rational function? – yes → Therefore, the denominator cannot equal zero


Step 2. Grab the denominator, set it equal to zero, and solve for x. Notice that, as long as the numerator doesn’t have an even radical in it, we don’t care about the numerator! We’re only looking for x values that create a division by zero.  → (x – 3)(x + 2) = 0 → x = 3 or -2 → x cannot be these values 

Step 3. Define the domain: x ≠ 3 and x ≠ -2 or (-∞, -2) ∪ (-2, 3) ∪ (3, ∞).  Graphically, this type of exclusion from the domain is usually where there are vertical asymptotes. Division by zero results in no y value output (undefined); the graph just goes to infinity or negative infinity on either side of the asymptote. It’s also possible to have a hole in the graph instead of an asymptote, but the function is still undefined at the hole and the corresponding x-value must still be excluded.  


Clarifying example #3: Define the domain of 
Step 1. Rational function? – yes → denominator cannot equal zero.

Step 2. Grab the denominator, set it equal to zero, and solve for x.
x2 + 1 = 0 → x2 = -1 → x = �} −1 → wait a minute!  These solutions are imaginary numbers, and we said the domain must be real numbers. Let’s look at that denominator again: x2 + 1. In the real world, this denominator can never be zero. So there is no x value we cannot use that would restrict our ability from getting a corresponding “y” value.

Step 3. Define the domain: (-∞, ∞) or ℝ (all real numbers)









Are These Graphs Behaving Rationally?

I.						II.	


                  

III.						IV.


        


1.  All of the graphs of the functions above have something interesting occur when .  

     Describe what is happening in each graph when .  





2.  Form 2 pairs of graphs that have similar things occurring when .  Explain the similarities 
     you used to pair the graphs of the functions.
· Pair 1	



						
· Pair 2




3.  Explain how the graphs in each pair differ from each other.
· Pair 1	

						
· Pair 2



4.  These are the functions that are graphed on the previous page: 
A.   		B.  		C.  		D.  

Use your graphing calculator to match the equations to the graphs.  
(Hint:  Use a zoom decimal window.  You will not be able to see the hole in graph 2 unless you turn the axis off on your calculator.)

5.  Using the function rules for each graph, can you identify the characteristics of the function that 
     caused the graphs in pair 1 to be similar? 



6.  Create a function on your own that you think will produce a graph similar to your graphs in pair 1.  
     Justify why you think your function will be similar to those in pair 1.  Where will the interesting 
     value of x  be for your function?  Explain what part of your function led you to choose this value.



7.  Use your graphing calculator to graph your function from question 6.  Sketch it below.  Did it 
     behave as you predicted in number 6?  If not, make changes to see if you can produce the type
     of graph desired.  Explain the changes you had to make.




8. Using the function rules for each graph, can you identify the characteristics of the function that 
    caused the graphs in pair 2 to be similar? 



9.  Create a function on your own that you think will produce a graph similar to your graphs in pair 2.
     Justify  why you think your function will be similar to those in pair 2.  Where will the interesting 
     value of x be for your function?  Explain what part of your function led you to choose this value.




10.  Use your graphing calculator to graph your function from question 6.  Sketch it below.  
       Did it behave as you predicted in number 6?  If not, make changes to see if you can produce
       the type of graph desired.   Explain the changes you had to make.



11.  Challenge:  Can you predict (without your graphing calculator) what the graph of
          would look like.  Sketch the graph and explain why you sketched it the 
       way you did.
ELL Addendum
Are These Graphs Behaving Rationally?  

I.						II.	


                  

III.						IV.


        

1.  All of the graphs above have something occur when x = 1.  Describe what is occurring in each graph 
when x =1.    For ELL students:  Consider adding a word bank with vocabulary or descriptive terms if the proper vocabulary has not been introduced 


2.  Group the 4 graphs into 2 pairs of graphs that have similar things occurring when x = 1.  Explain the similarities you used to group the graphs.
Pair 1							Pair 2


3.  Explain how the graphs in each pair differ from each other.
Pair 1							Pair 2


4.  These are the functions that are graphed on the previous page: 
A.   		B.  		C.  		D.  
Use your graphing calculator to match the equations to the graphs.  (Hint:  Use a zoom decimal window.  You will not be able to see the hole in graph 2 unless you turn the axis off on your calculator.) Consider adding visual calculator instructions on using the calculator (zoom window, how to turn the axis off, etc).  Students may also need help entering the rational functions into the calculator (i.e. use parentheses properly). 




5.  Using the function rules for each graph, can you identify the characteristics of the function that caused the graphs in pair 1 to be similar?  Add a word bank of characteristics for ELLs and struggling learners.  If there is a large number of ELLs in the classroom, consider using sentence starters (i.e. “After you simplify, the degree of the _______ is _______(greater/less than) the degree of the ______.”  Or  “The domain is restricted at _________.”)



6.  Create a function on your own that you think will produce a graph similar to your graphs in pair 1.  Justify why you think your function will be similar to those in pair 1.  Where will the interesting value of x be for your function?  Explain what part of your function led you to choose this value.  Consider using different wording “interesting” may be confusing to ELLs who use a bilingual dictionary.


7.  Use your graphing calculator to graph your function from question 6.  Sketch it below.  Did it behave as you predicted in number 6?  If not, make changes to see if you can produce the type of graph desired.  Explain the changes you had to make.





8. Using the function rules for each graph, can you identify the characteristics of the function that caused the graphs in pair 2 to be similar? 



9.  Create a function on your own that you think will produce a graph similar to your graphs in pair 2.  Justify why you think your function will be similar to those in pair 2.  Where will the interesting value of x be for your function?  Explain what part of your function led you to choose this value.




10.  Use your graphing calculator to graph your function from question 6.  Sketch it below.  Did it behave as you predicted in number 6?  If not, make changes to see if you can produce the type of graph desired.  Explain the changes you had to make.




11.  Challenge:  Can you predict (without your graphing calculator) what the graph of  would look like.  Sketch it below and explain why you sketched it the way you did.



Vocabulary Table for Rational Functions
	Term
	Picture/Visual Example
	Mathematical Example
	Related Sentence Structures
	Notes

	Horizontal Asymptote
	
	
	“The horizontal asymptote is y=    ”
	

	Vertical Asymptote
	
	
	“The vertical asymptote is x=   ”
	

	Hole (removable discontinuity)
	
	
	“There is a hole at 
x=   ”

“The discontinuity can be removed by… ”
	

	Discontinuous
	
	
	“The graph is discontinuous at x =   ”
	

	Coefficient
	
	
	“The coefficient of 5x is 5”
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	





Note: This table can be given to ELL students before the lesson takes place or can be filled in as they go along.  The sentence structures will allow ELL students to feel confident in the language and promote participation.
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