Overview:  The overview statement is intended to provide a summary of major themes in this unit.
This unit builds on prior experience with linear expressions.  The focus then shifts to expressing them with verbal descriptions, algebraically, graphically, and numerically in tables to develop an understanding of linear and non-linear functions.

Teacher Notes:  The information in this component provides additional insights which will help educators in the planning process for this unit.
· Students should be well-grounded in their knowledge of linear expressions and the properties of operations using rational numbers.
· Students should be knowledgeable about graphing in all four quadrants of the coordinate plane.
· Models should be used to demonstrating the properties of functions. 

Enduring Understandings:  Enduring understandings go beyond discrete facts or skills. They focus on larger concepts, principles, or processes.  They are transferable and apply to new situations within or beyond the subject. 
At the completion of the unit, students will understand that:
· Functions represent rules that assign exactly one output (y-coordinate) to each input (x-coordinate) in any functional relationship.
· The properties of functions (i.e., constant rate of change/slope, increase/decrease, y-intercept, x-intercept, etc.) can be adjusted to represent a variety of different functional relationships.
· Not all functional relationships are linear; students will be able to identify examples of non-linear functions, as well as linear functions.

Essential Question(s):  A question is essential when it stimulates multi-layered inquiry, provokes deep thought and lively discussion, requires students to consider alternatives and justify their reasoning, encourages re-thinking of big ideas, makes meaningful connections with prior learning, and provides students with opportunities to apply problem-solving skills to authentic situations.

How can functions be used and altered to model various situations that occur in life?

Content Emphases by Cluster in Grade 8:  According to the Partnership for the Assessment of Readiness for College and Careers (PARCC), some clusters require greater emphasis than others.  The list below shows PARCC’s relative emphasis for each cluster.  Prioritization does not imply neglect or exclusion of material.  Clear priorities are intended to ensure that the relative importance of content is properly attended to.  Note that the prioritization is stated in terms of cluster headings.

	        Key:  ■ Major Clusters          Supporting Clusters          Additional Clusters 
        

The Number System
   Know that there are numbers that are not rational, and approximate them by rational numbers.

Expressions and Equations
■   Work with radicals and integer exponents.
■   Understand the connections between proportional relationships, lines and linear equations.
■   Analyze and solve linear equations and pairs of simultaneous linear equations.

Functions
■   Define, evaluate and compare functions.
Use functions to model relationships between quantities.

Geometry
■ Understand congruence and similarity using physical models, transparencies or geometry software.
■     Understand and apply the Pythagorean Theorem.
Solve real-world and mathematical problems involving volume of cylinders, cones and spheres.

Statistics and Probability
 Investigate patterns of association in bivariate data.

Focus Standard (Listed as Examples of Opportunities for In-Depth Focus in the PARCC Content Framework document):  According to the Partnership for the Assessment of Readiness for College and Careers (PARCC), this component highlights some individual standards that play an important role in the content of this unit.  Educators should give the indicated mathematics an especially in-depth treatment, as measured for example by the number of days; the quality of classroom activities for exploration and reasoning; the amount of student practice; and the rigor of expectations for depth of understanding or mastery of skills. 

· Successfully meeting standard 8.F.A.2 repositions previous work with tables and graphs in the new context of input/output rules. 


Possible Student Outcomes:  The following list is meant to provide a number of achievable outcomes that apply to the lessons in this unit.  The list does not include all possible student outcomes for this unit, not is it intended to suggest sequence or timing.  These outcomes should depict the content segments into which a teacher might elect to break a given standard.  They may represent groups of standards that can be taught together.  

The student will: 
· Distinguish between linear and non-linear functions to analyze and understand different relationships between two variables. 
· Use precise and accurate vocabulary to compare and discuss the properties of functions.
· Use rational numbers to evaluate functions.

Progressions from Common Core State Standards in Mathematics:  For an in-depth discussion of the overarching, “big picture” perspective on student learning of content related to this unit, see:

 The Common Core Standards Writing Team (10 September 2011). Progressions for the Common Core State Standards in Mathematics (draft), accessed at http://ime.math.arizona.edu/progressions/

Vertical Alignment:  Vertical curriculum alignment provides two pieces of information: (1) a description of prior learning that should support the learning of the concepts in this unit, and (2) a description of how the concepts studies in this unit will support the learning of additional mathematics.

· Key Advances from Previous Grades: Students enlarge their concept of and ability to define, evaluate, compare functions based on:
· understanding of and skill with arithmetic operations in grades 5 through 7 
· using properties of operations systematically to work with variables, variable expressions, and equations in grade 6 and grade 7 
· working with the system of rational numbers to include using positive and negative numbers to describe quantities in grades 5 through 7
· extending prior knowledge of the coordinate plane to represent linear and non-linear functional relationships in grade 6 and grade 7

· Additional Mathematics:  Students will use skills with functions: 
· in Algebra I and Algebra II when interpreting and applying functions in a context, when constructing models to solve problems, for interpolation, for using the factor theorem, to find the inverse of a function
· in Geometry when proving polynomial identities to generate Pythagorean triplets; when working with circles
· in Trigonometry when modeling periodic phenomena with specified amplitude, frequency, and midline; when proving the Pythagorean identity
· in Calculus when calculating and applying derivatives, and when working with and applying integrations
Possible Organization of Unit Standards:  This table identifies additional grade-level standards within a given cluster that support the overarching unit standards from within the same cluster.  The table also provides instructional connections to grade-level standards from outside the cluster.

	Overarching Unit Standards 
	Related Standards 
within the Cluster
	Instructional Connections 
outside the Cluster

	8.F.A.1: Understand that a function is a rule that assigns to each input exactly one output. The graph of a function is the set of ordered pairs consisting of an input and the corresponding output (function notation is not required in Grade 8).
	N/A

	8.F.B.4: Construct a function to model a linear relationship between two quantities.  Determine the rate of change and initial value of the function from a description of a relationship or from two (x, y) values, including reading these from a table or from a graph.  Interpret the rate of change and initial value of a linear function in terms of the situation it models, and in terms of its graph or a table of values.

	8.F.A.2: Compare properties of two functions each represented in a different way (algebraically, graphically, numerically in tables, or by verbal descriptions). 
	N/A
	8.F.B.5: Describe qualitatively the functional relationship between two quantities by analyzing a graph (e.g., where the function is increasing or decreasing, linear or nonlinear). Sketch a graph that exhibits the qualitative features of a function that has been described verbally.
8.EE.C.8b: Solve systems of two linear equations in two variables algebraically, and estimate solutions by graphing the equations.  Solve simple cases by inspection.


	8.F.A.3: Interpret the equation y = mx + b as defining a linear function, whose graph is a straight line; give examples of functions that are not linear.  

	N/A
	8.EE.C.7b: Solve linear equations with rational number coefficients, including equations whose solutions require expanding expressions using the distributive property and collecting like terms.
8.EE.A.2: Use square root and cube root symbols to represent solutions to equations of the form x2 = p and x3 = p, where p is a positive rational number. Evaluate square roots of small perfect squares and cube roots of small perfect cubes. Know that  is irrational 

8.G.C.9: Know the formulas for the volumes of cones, cylinders, and spheres and use them to solve real-world and mathematical problems.



	
Connections to the Standards for Mathematical Practice: This section provides examples of learning experiences for this unit that support the development of the proficiencies described in the Standards for Mathematical Practice.  These proficiencies correspond to those developed through the Literacy Standards. The statements provided offer a few examples of connections between the Standards for Mathematical Practice and the Content Standards of this unit. The list is not exhaustive and will hopefully prompt further reflection and discussion.

In this unit, educators should consider implementing learning experiences which provide opportunities for students to:

· Make sense of problems and persevere in solving them.
· Recognize relationships that are functional; use the vertical line test.
· Compare and make sense of properties of functions, such as constant rate of change/slope, directionality (increasing/decreasing), y-intercept, among others.
· Know the difference between the domain and the range of a data set.

· Reason abstractly and quantitatively
· Calculate and interpret constant rate of change/slope, y-intercept given an authentic scenario, graph, or table of values.
· Identify and define independent variables and dependent variables in equations that represent authentic scenarios.

· Construct Viable Arguments and critique the reasoning of others.
· Recognize and justify the difference between rational numbers and irrational numbers.
· Justify that properties of integer exponents produce equivalent numerical expressions.
 
· Model with Mathematics
· Sketch a graph given algebraic context.  
· Construct a nonverbal representation of a verbal problem.

· Use appropriate tools strategically
· Use technology or manipulatives to explore a problem numerically or graphically.

· Attend to precision
· Use mathematics vocabulary (i.e., function, domain, range, constant rate of change/slope, y-intercept, linear, non-linear, etc.) properly when discussing problems.
· Demonstrate their understanding of the mathematical processes required to solve a problem by carefully showing all of the steps in solving the problem. 
· Label final answers appropriately.

· Look for and make use of structure.
· Make observations about how range and domain values relate to one another.

· Look for and express regularity in reasoning
· Pay special attention to horizontal and vertical lines.


Content Standards with Essential Skills and Knowledge Statements and Clarifications:  The Content Standards and Essential Skills and Knowledge statements shown in this section come directly from the Maryland State Common Core Curriculum Frameworks. Clarifications were added as needed.  Educators should be cautioned against perceiving this as a checklist.  All information added is intended to help the reader gain a better understanding of the standards. 

	Standard
	Essential Skills
and Knowledge
	Clarification

	8.F.A.1: Understand that a function is a rule that assigns to each input exactly one output. The graph of a function is the set of ordered pairs consisting of an input and the corresponding output (function notation is not required in Grade 8).
	· Ability to recognize functional relationships and apply the following:
· Function Tables  
· Vertical Line Test 
· Domain/Input/Independent (x-coordinate)  
· Range/Output/Dependent (y-coordinate)     

	function:  A function is an association of exactly one value or object from one set of values or objects (the range) with each value or object from another set (the domain).  The equation y  = 3x  + 5  defines y  as a function of x, with the domain (x values) specified as the set of all real numbers.  Thus, when y  is a function of x, a value of y  (the range) is associated with each real-number value of x  by multiplying it by 3 and adding 5.  

 (
Domain: set of all 
x 
values 
input  independent
) (
Range :
 set of all y values output 
 
dependent
)Example:  y = 3x + 5 	

 
graph of a function:  The graph of a function is the set of ordered pairs (x, y) for each input (domain) value (x) and its corresponding output (range) value (y).  For the equation y  = 3x  + 5, ordered pairs such as (‾5, ‾10), (‾2, ‾1), (0, 5), (3, 14), and (300, 905), are among an infinite number of ordered pairs.  
function notation:  The expression "f(x)" means "plug a value for x into a formula f "; the expression does not mean "multiply f and x."  In function notation, the "x" in "f(x)" is called "the argument of the function", or just "the argument". So if we are given "f(2)" the "argument" is "2".
We evaluate "f(x)" just as we would evaluate "y".
· Given  f(x) = x2 + 2x – 1, find  f(2)
 
f(2) = (2)2 +2(2) – 1 
       = 4 + 4 – 1 
       = 7 
· Given  f(x) = x2 + 2x – 1, find  f(‾3)
 
f(‾3) = (‾3)2 +2(‾3) – 1 
        = 9 – 6 – 1  
        = 2 
functional relationship: A functional relationship describes an association of exactly one value or object from one set of values or objects (the range) with each value or object from another set (the domain).  


	8.F.A.2: Compare properties of two functions each represented in a different way (algebraically, graphically, numerically in tables, or by verbal descriptions).

	· Ability to compare properties – constant rate of change/slope, increasing, decreasing, y-intercept, parallel lines, slopes of horizontal/vertical lines (see 8.EE.5 and 8.EE.6)
· Ability to calculate slope/rate of change of a line graphically from a table or verbal description
· Ability to determine y-intercept from table, equation, graph, or verbal description 

	constant rate of change/slope: Anything that goes up by x number of units for each y value every time is a constant rate of change.  A constant rate of change increases or decreases by the same amount for every trial. The slope of a line has a constant rate of change.             
y-intercept: The point at which a line crosses the y-axis (or the y-coordinate of that point) is a y-intercept.


	8.F.A.3: Interpret the equation y = mx + b as defining a linear function, whose graph is a straight line; give examples of functions that are not linear.  

	· Ability to distinguish between linear and non-linear functions 
· Ability to identify and define independent variables and dependent variables in equations that represent authentic scenarios

	linear function:  A linear function is a first-degree polynomial function of one variable. This type of function is known as "linear" because it includes the functions whose graph on the coordinate plane is a straight line.  A linear function can be written as: x → ax + b  or  f(x) = mx + b

non-linear function: Equations whose graphs are not straight lines are called nonlinear functions. Some nonlinear functions have specific names. A “quadratic function” is nonlinear and has an equation in the form of y = ax2 + bx + c, where a ≠ 0.  Another nonlinear function is a “cubic function”. A cubic function has an equation in the form of y = ax3 + bx2 + cx + d, where a ≠ 0.





Evidence of Student Learning:  The Partnership for Assessment of Readiness for College and Careers (PARCC) has awarded the Dana Center a grant to develop the information for this component.  This information will be provided at a later date.  The Dana Center, located at the University of Texas in Austin, encourages high academic standards in mathematics by working in partnership with local, state, and national education entities.  Educators at the Center collaborate with their partners to help school systems nurture students' intellectual passions.  The Center advocates for every student leaving school prepared for success in postsecondary education and in the contemporary workplace.


Fluency Expectations:   This section highlights individual standards that set expectations for fluency, or that otherwise represent culminating masteries.  These standards highlight the need to provide sufficient supports and opportunities for practice to help students meet these expectations. Fluency is not meant to come at the expense of understanding, but is an outcome of a progression of learning and sufficient thoughtful practice. It is important to provide the conceptual building blocks that develop understanding in tandem with skill along the way to fluency; the roots of this conceptual understanding often extend one or more grades earlier in the standards than the grade when fluency is finally expected.  

· PARCC has no fluency expectations related to work with defining, evaluating, and comparing functions.


Common Misconceptions:  This list includes general misunderstandings and issues that frequently hinder student mastery of concepts in this unit.  
Students may:
· Confuse the meaning of “domain” and “range” of a function.
· Have trouble remembering that each input (x-value) in a function can have only one output (y-value).
Interdisciplinary Connections:  Interdisciplinary connections fall into a number of related categories:
· Literacy standards within the Maryland Common Core State Curriculum
· Science, Technology, Engineering, and Mathematics standards
· Instructional connections to mathematics that will be established by local school systems, and will reflect their specific grade-level coursework in other content areas, such as English language arts, reading, science, social studies, world languages, physical education, and fine arts, among others. 



Model Lesson Plan Chart:  

 
	Available Model Lesson Plan(s)

	
The lesson plan(s) have been written with specific standards in mind.  Each model lesson plan is only a MODEL – one way the lesson could be developed.  We have NOT included any references to the timing associated with delivering this model.  Each teacher will need to make decisions related to the timing of the lesson plan based on the learning needs of students in the class. The model lesson plans are designed to generate evidence of student understanding. 
This chart indicates one or more lesson plans which have been developed for this unit.  Lesson plans are being written and posted on the Curriculum Management System as they are completed.  Please check back periodically for additional postings. 


	Standards Addressed
	Title
	Description/Suggested Use

	8.F.A.1
	Functions and Graphing
	


Model Lesson Seed Chart:  

	
Available Lesson Seed(s)

	The lesson seed(s) have been written with specific standards in mind.  These suggested activity/activities are not intended to be prescriptive, exhaustive, or sequential; they simply demonstrate how specific content can be used to help students learn the skills described in the standards. Seeds are designed to give teachers ideas for developing their own activities in order to generate evidence of student understanding.
This chart indicates one or more lesson seeds which have been developed for this unit.  Lesson seeds are being written and posted on the Curriculum Management System as they are completed.  Please check back periodically for additional postings. 


	Standards Addressed
	Title
	Description/Suggested Use

	8.F.A.1
	Vertical Line Test
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Sample Assessment Items:   The items included in this component will be aligned to the standards in the unit and will include:
· Items purchased from vendors
· PARCC prototype items
· PARCC public release items
· Maryland Public release items


Interventions/Enrichments/PD:  (Standard-specific modules that focus on student interventions/enrichments and on professional development for teachers will be included later, as available from the vendor(s) who will produce the modules.)

Vocabulary/Terminology/Concepts:  This section of the Unit Plan is divided into two parts.  Part I contains vocabulary and terminology from standards that comprise the cluster which is the focus of this unit plan.  Part II contains vocabulary and terminology from standards outside of the focus cluster.  These “outside standards” provide important instructional connections to the focus cluster.

Part I – Focus Cluster 
Define, Evaluate, and Compare Functions

function:  A function is an association of exactly one value or object from one set of values or objects (the range) with each value or object from another set (the domain).  The equation y  = 3x  + 5  defines y  as a function of x, with the domain (x values) specified as the set of all real numbers.  Thus, when y  is a function of x, a value of y  (the range) is associated with each real-number value of x  by multiplying it by 3 and adding 5.  The range is the possible values of the output, or dependent variable (y, for example).  The domain is the set of possible value for the input, or the independent variable (x, for example).   
graph of a function:  The graph of a function is the set of ordered pairs (x, y) for each input value (x) and its corresponding output value (y).  For the equation y  = 3x  + 5, ordered pairs such as (‾5, ‾10), (‾2, ‾1), (0, 5), (3, 14), and (300, 305), among an infinite number of addition ordered pairs.  
functional relationship: A functional relationship describes an association of exactly one value or object from one set of values or objects (the range) with each value or object from another set (the domain).  
constant rate of change/slope: Anything that goes up by x number of units for each y value every time is a constant rate of change.  A constant rate of change increases or decreases by the same amount for every trial. The slope of a line has a constant rate of change.             
function notation:  The expression "f(x)" means "plug a value for x into a formula f "; the expression does not mean "multiply f and x."  In function notation, the "x" in "f(x)" is called "the argument of the function", or just "the argument". So if we are given "f(2)" the "argument" is "2".
We evaluate "f(x)" just as we would evaluate "y".
· Given  f(x) = x2 + 2x – 1, find  f(2)
 
f(2) = (2)2 +2(2) – 1 
       = 4 + 4 – 1 
       = 7 

· Given  f(x) = x2 + 2x – 1, find  f(‾3)
 
f(‾3) = (‾3)2 +2(‾3) – 1 
        = 9 – 6 – 1  
        = 2 

y-intercept: The point at which a line crosses the y-axis (or the y-coordinate of that point) is a y-intercept.
linear function:  A linear function is a first-degree polynomial function of one variable. This type of function is known as "linear" because it includes the functions whose graph on the coordinate plane is a straight line.  A linear function can be written as: x → ax + b  or  f(x) = mx + b
non-linear function: Equations whose graphs are not straight lines are called nonlinear functions. Some nonlinear functions have specific names. A “quadratic function” is nonlinear and has an equation in the form of y = ax2 + bx + c, where a ≠ 0.  Another nonlinear function is a “cubic function”. A cubic function has an equation in the form of y = ax3 + bx2 + cx + d, where a ≠ 0.

Part II – Instructional Connections outside the Focus Cluster
distributive property:  Examples are a(b + c) = ab + ac          and               3x(x+4) = 3x(x) + 3x(4)  
                                                                                                                                                                          = 3x2+12x
collecting like terms: This process is also known as “combining” like terms.
rational numbers:  Numbers that can be expressed as an integer, as a quotient of integers (such as , , 7), or as a decimal where the decimal part is either finite or repeats infinitely (such as 2.75 and 33.3333…) are considered rational numbers.
irrational numbers: Numbers that cannot be expressed as an integer, as a quotient of integers (such as , , 7), or as a decimal where the decimal part is either finite or repeats infinitely (such as 2.75 and 33.3333…) are considered rational numbers.  The values π and   are irrational because their values cannot be written as either a finite decimal or a repeating decimal.
	
General Cone


 (
The formula for the volume of a cone can be determined from the volume formula for a cylinder. We must start with a cylinder and a cone that have equal heights and radii, as in the diagram below.
)volume of cones:  
	[image: Cone and Cylinder of Equal Heights and Radii]
Cone & Cylinder of
Equal Heights and Radii


       [image: General Cone]
             
 

Imagine copying the cone so that we had three congruent cones, all having the same height and radii of a cylinder. Next, we could fill the cones with water. As our last step in this demonstration, we could then dump the water from the cones into the cylinder. If such an experiment were to be performed, we would find that the water level of the cylinder would perfectly fill the cylinder. 

	[image: Comparing the Volumes of Cones and Cylinders]




This means it takes the volume of three cones to equal one cylinder. Looking at this in reverse, each cone is one-third the volume of a cylinder. Since a cylinder's volume formula is V = Bh, then the volume of a cone is one-third that formula, or V = Bh/3. Specifically, the cylinder's volume formula is V = πr2h and the cone's volume formula is V = πr2h/3.

		

	

	




	

		

	

	




	

		
	




	


volume of cylinders: The process for understanding and calculating the volume of cylinders is identical to that of prisms, even though cylinders are curved. Here is a general cylinder.
 (
General Cylinder
)                                                                             [image: General Cylinder]
	

	

	


      Here is a specific cylinder with a radius 3 units and height 4 units. 
	 (
Specific Cylinder
)[image: Standard Cylinder]



We fill the bottom of the cylinder with unit cubes. This means the bottom of the prism will act as a container and will hold as many cubes as possible without stacking them on top of each other. This is what it would look like. 
	[image: The Cylinder Above With a Layer of Cubes at its Base]


The diagram above is strange looking because we are trying to stack cubes within a curved space. Some cubes have to be shaved so as to allow them to fit inside. Also, the cubes do not yet represent the total volume. It only represents a partial volume, but we need to count these cubes to arrive at the total volume. To count these full and partial cubes, we will use the formula for the area of a circle. 
	[image: Cubes from the Cylinder Above]


The radius of the circular base (bottom) is 3 units and the formula for area of a circle is A = πr2. So, the number of cubes is (3.14)(3)2 = (3.14)(9), which to the nearest tenth, is equal to 28.3. 
If we imagine the cylinder like a building (like we did for prisms above), we could stack cubes on top of each other until the cylinder is completely filled. It would be filled so that all cubes are touching each other such that no space existed between cubes. It would look like this. 
	[image: Cubes Stacked and Filling the Cylinder]



To count all the cubes above, we will use the consistency of the solid to our advantage. We already know there are 28.3 cubes on the bottom level and all levels contain the exact number of cubes. Therefore, we need only take that bottom total of 28.3 and multiply it by 4 because there are four levels to the cylinder. 28.3 x 4 = 113.2 total cubes to our original cylinder.
 
 If we review our calculations, we find that the total bottom layer of cubes was found by using the area of a circle, πr2. Then, we took the result and multiplied it by the cylinder's height. So the volume of a cylinder is π times the square of its radius times its height. Sometimes geometers refer to the volume as the area of the bottom times the height. Symbolically, it is written as V = Bh, where the capitol B stands for the area of the solid's base (bottom).

volume of spheres:  A sphere is the locus of all points in a region that are equidistant from a point. The two-dimensional rendition of the solid is represented below. 
	[image: General Sphere]
General Sphere



To calculate the surface area of a sphere, we must imagine the sphere as an infinite number of pyramids whose bases rest on the surface of the sphere and extend to the sphere's center. Therefore, the radius of the sphere would be the height of each pyramid. One such pyramid is depicted below. 
	[image: General Sphere]



The volume of the sphere would then be the sum of the volumes of all the pyramids. To calculate this, we would use the formula for volume of a pyramid, namely V = Bh/3. We would take the sum of all the pyramid bases, multiply by their height, and divide by 3. 
First, the sum of the pyramid bases would be the surface area of a sphere, SA = 4πr2. Second, the height of each of the pyramids is the radius of the sphere, r. Third, we divide by three. The result of these three actions is area of a sphere V =   or V =  .

Resources:  This section contains links to materials that are intended to support content instruction in this unit.

· http://www.youtube.com/watch?v=t0bph6Cbh9Y
· http://www.mathplayground.com/functionmachine.html
· http://www.learningtoday.com/corporate/files/games/Algebra_Functions_L3_V1_T4a.swf
· http://www.glencoe.com/sites/common_assets/mathematics/im1/concepts_in_motion/interactive_labs/M2_05/M2_05_dev_100.html

· Beginner machine: http://pbskids.org/cyberchase/math-games/stop-creature/
· http://hotmath.com/util/hm_flash_movie.html?movie=/learning_activities/interactivities/function_machine.swf&return_to=Algebra%20Activities%20-%20Math%20Activities%20-%20Hotmath&title=The%20Function%20Machine (Includes graph with function machine:
· http://www.shodor.org/interactivate/activities/FunctionMachine/ (Does not include a table with the machine)
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