Different Methods of Proof


Objectives
Students will be able to identify and apply properties of equality and properties of congruence, perform a variety of methods for organizing deductive arguments, and validate properties of geometric figures and explain the processes used.

Core Learning Goals


2.2.3
The student will use inductive or deductive reasoning.


Materials Needed



Worksheets and overheads

Pre-requisite Concepts Needed

Students will need to be able to calculate distance, slope, and midpoint on a coordinate plane and interpret and analyze conditional statements.

Approximate Time

Six 50-minute lessons or three to four 90-minute lessons
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Lesson Plan – Justification in Proof

Essential Questions

How can deductive reasoning be used to validate conjectures?

What methods can be used to organize a deductive argument?

Warm-Up/Opening Activity


Solve a two-step equation.

Development of Ideas

Overhead: What is a Proof?

Justify the steps to solve an equation using the properties of equality.

Identify and apply the properties of equality and the properties of congruence to geometric figures.



Worksheet: Justification Using Properties of Equality and Congruence


Answers:
1.
Transitive Property

2. Transitive Property of Congruence

3. Subtraction Property

4. Transitive Property

5. Division Property

6. Addition Property

7. Transitive Property of Congruence

8. Reflexive Property of Congruence

9. Substitution Property

10. Symmetric Property of Congruence

11. 1.
Given

2. Additive Property

3. Subtractive Property

4. Division Property






12.
1.
Given

2. Given

3. Substitution Property

4. Subtraction Property
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Development of Ideas (Continued)




Answers to Justification Using Properties of Equality & Congruence (Continued)




13.
1.
Given

2. Given

3. Subtraction Property

4. Given

5. Given

6. Subtraction Property

7. Transitive Property




14.
1.
Given

2. Given

3. Transitive Property

4. Reflexive Property

5. Subtraction Property

Closure



Compare and contrast inductive and deductive reasoning.




Worksheet: Comparison of Inductive and Deductive Reasoning
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What is a Proof?


A proof is a convincing argument that something is true.  In mathematics, a proof starts with things that are agreed upon, called postulates or axioms, and then uses logic to reach a conclusion.  


Conclusions are often reached in geometry by observing data and looking for patterns.  This type of reasoning is called inductive reasoning.  The conclusion reached by inductive reasoning is called a conjecture.  


A proof in geometry consists of a sequence of statements, each supported by a reason, that starts with a given set of premises and leads to a valid conclusion.  This type of reasoning is called deductive reasoning.  Each statement in a proof follows from one or more of the previous statements.  A reason for a statement can come from the set of given premises or from one of the four types of other premises: definitions; postulates; properties of algebra, equality, or congruence; or previously proven theorems. Once a conjecture is proved, it is called a theorem.  As a theorem, it becomes a premise for geometric arguments you can use to prove other conjectures.  The four common methods of geometric proofs are: 1) two-column proofs, 2) paragraph proofs, 
3) flow chart proofs, and 4) coordinate proofs. 
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Justification Using Properties of Equality and Congruence


Properties of Equality for Real Numbers

Reflexive Property
For any number a, a = a.

Symmetric Property
For any numbers a and b, if a = b then b = a.

Transitive Property
For any numbers a, b and c, if a = b and b = c, then a = c.

Addition and Subtraction Properties
For any numbers a, b and c, if a = b, then a + c = b + c and a – c = b – c.

Multiplication and Division Properties
For any numbers a, b and c, if a = b, then a(c = b(c and if c ( 0, then a(c = b(c.

Substitution Property
For any numbers a and b, if a = b, then a may be replaced with b in any equation.

Properties of Congruence

Reflexive Property of Congruence

[image: image1.wmf]ABAB

@



Symmetric Property of Congruence
If 
[image: image2.wmf]ABCD

@

, then 
[image: image3.wmf]CDAB

@



Transitive Property of Congruence
If 
[image: image4.wmf]ABCD

@

 and 
[image: image5.wmf]CDEF

@

, then 
[image: image6.wmf]ABEF
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Justification Using Properties of Equality and Congruence (Continued)

State the property of equality or property of congruence that justifies each conclusion.

1.
Given:

[image: image7.wmf]m1m2

Ð=Ð

 




[image: image8.wmf]m275

Ð=



Conclusion:  

[image: image9.wmf]m175

Ð=


2.
Given:

[image: image10.wmf]EGFG

@





[image: image11.wmf]FGGH

@



Conclusion: 

[image: image12.wmf]EGGH

@

 

3.
Given:
x + 9 = 13


Conclusion:  
x = 4

4.
Given:
JK = KL



MN = KL


Conclusion:  
JK = MN

5.
Given:
7x = 63


Conclusion:  
x = 9

6.
Given:

[image: image13.wmf]m365

Ð=

 




[image: image14.wmf]m465

Ð=



Conclusion: 

[image: image15.wmf]m3m4130

Ð+Ð=

 


7.
Given:

[image: image16.wmf]12

Ð@Ð





[image: image17.wmf]23

Ð@Ð



Conclusion: 
[image: image18.wmf]13

Ð@Ð




8.
Given:  
[image: image19.wmf]XY

 is a segment


Conclusion: 

[image: image20.wmf]XYXY

@

 

9.
Given:
2x + y = 70



y = 3x


Conclusion:  2x + 3x = 70

10.
Given:

[image: image21.wmf]AB

Ð@Ð

 


Conclusion: 

[image: image22.wmf]BA
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Justification Using Properties of Equality and Congruence (Continued)

Supply the missing reasons for each of the following:

11.

Given:  15y + 7 = 12 - 20y

Conclusion:  
[image: image23.wmf]1

y

7

=





                  Statement
Reason

1.  15y + 7 = 12 - 20y
1.

2.  35y + 7 = 12
2.

3.  35y = 5
3.

4. 
[image: image24.wmf]1

y

7

=

 
4.

12.

Given:  
[image: image25.wmf]m1m2100

Ð+Ð=


             
[image: image26.wmf]m180

Ð=

 

Conclusion: 
[image: image27.wmf]m220

Ð=

                
           
[image: image28.png]



    

                  Statement
Reason

1. 
[image: image29.wmf]m1m2100

Ð+Ð=


1. 

2. 
[image: image30.wmf]m180

Ð=


2.

3. 
[image: image31.wmf]80m2100

+Ð=


3.

4. 
[image: image32.wmf]m220

Ð=


4.
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Justification Using Properties of Equality and Congruence (Continued)

13.

Given:   m

1 = 40

              m

2 = 40

              m

1 + m

3 = 80

              m

4 + m

2 = 80

Conclusion:   m

3 = m

4 

                
          
[image: image33.png]




                  Statement
Reason

1.   m

1 + m

3 = 80
1. 

2.   m

1             = 40
2.

3.               m

3 = 40
3.

4.   m

4 + m

2 = 80
4.

5.               m

2 = 40
5.

6.   m

4             = 40
6.

7.   m

3 = m

4
7.

14.

Given:   m

1 + m

2 = 180

              m

2 + m

3 = 180

Conclusion:   m

1 = m

3 

      
      
[image: image34.png]




                  Statement
Reason

1.   m

1 + m

2 = 180
1. 

2.   m

2 + m

3 = 180
2.

3.   m

1 + m

2 = m

2 + m

3
3.

4.               m

2 = m

2
4.

5.   m

1             =              m

3
5.
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Comparison of Inductive and Deductive Reasoning

[image: image505.wmf]________

D@D


Inductive Reasoning Process:

  Observations:                           

                                                                                           64o + 61o + 55o = 180o
                                                                                           70o + 59o + 51o = 180o
                                                                                           40o + 55o + 85o = 180o
                                                                                         38o + 38o + 104o = 180o
  Generalizations:                                                         Conjecture:  a + b + c = 180o 

                                                                                                            for all triangles! 



[image: image506.wmf]EFEF

@


Deductive Reasoning Process:

Facts accepted as true:

         Fact 1:  x + b + y = 180o  because x, b, and y are measures of angles that form a 

                                                 straight angle.

        Fact 2:  x = a  and  y = c  because alternate interior angles are congruent when           

                                                  parallel lines are cut by a transversal.

        Fact 3:  We can substitute equal values for equal values.

   Logical consequences:

        Conclusion:  a + b + c = 180o for any triangle.
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Lesson Plan – Flow Chart Proofs

Essential Questions

How can deductive reasoning be used to validate conjectures?

What methods can be used to organize a deductive argument?

Warm-Up/Opening Activity

Write the directions for making a sandwich in a flow chart.

Teacher  Note:  You might want to have the ingredients to make a sandwich available in class.

Development of Ideas

Arrange in order the steps to solve an algebraic equation.

Teacher Note:  Have the students work in groups for problems 5, 6, and 7.  Each group of students will need an envelope with the statements and reasons for each problem cut into strips and a copy of the flowchart template for each problem.  The master copies follow the worksheet.

Justify the steps to solve the algebraic equation in a flow chart format.



Worksheet: Introduction to Flow Chart Proofs



Answers:
1.
c.
3x-15 = 150 ( 3x = 165  (  x = 55







Given 

  Addition
Division








Equation
  Property
Property









            of Equality
of Equality







d.-e.
The first box is the ‘if’ statement and the last box is the ‘then’ statement.






2.
a.
Given ( Multiplication Property of Equality ( Division Property of Equality







b.-c.
The first box is the ‘if’ statement and the last box is the ‘then’ statement.






3.
3x+28= 58  (   3x = 30   (    x = 10






Given 

Subtraction
  Division







Equation
  Property
  Property








            of Equality
of Equality
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Development of Ideas (Continued)



Answers to Introduction to Flow Chart Proofs (Continued)






4.
5x-12=x-32 ( 4x-12=-32 ( 4x=-20 ( x =-5






Given 
           Subtraction    Addition   Division







Equation
 Property      Property    Property








         of Equality  of Equality of Equality






5.
a.
Given: 
[image: image35.wmf]1

 

Ð

 and 
[image: image36.wmf]2

 

Ð

 are supplementary










[image: image37.wmf]3
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Ð

@
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Prove:  
[image: image38.wmf]3

1

Ð

+

Ð

 = 180º







b.

(1 and (2 are supplementary
m(1 + m(2 = 180(
(2 ( (3
m(2 = m(3
m(1 + m(3 = 180(

Given
Definition of supplementary angles
Given
Definition of congruent angles
Substitution property of equality







c.-d.
The first box is the ‘if’ statement and the last box is the ‘then’ statement.






6.
a.
Given: m
[image: image39.wmf]1

 

Ð

 = m
[image: image40.wmf]2

 

Ð









Prove: m
[image: image41.wmf]AEC

 

Ð

= m
[image: image42.wmf]BED

 

Ð








b.

m(1 = m(2
m(1 + m(3 = m(2 + m(3
m(AEC = m(1 + m(3

m(BED = m(2 + m(3
m(AEC = m(BED

Given
Addition property of equality
Angle addition postulate
Substitution property of equality






7.
a.       Given: 
[image: image43.wmf]PR

and 
[image: image44.wmf]QS

 bisect each other at T







          Prove: 
[image: image45.wmf]PQTRST

D@D




[image: image46.wmf]PTTR

@





Definition of bisector







[image: image47.wmf]PR

 and 
[image: image48.wmf]QS

 bisect each other at T

[image: image49.wmf]QTTS

@



[image: image50.wmf]PQTRST

D@D



Given
Definition of bisector
Side-Angle-Side Congruence







[image: image51.wmf]PTQRTS

Ð@Ð





Vertical angles are congruent







8.
a.        Given: 
[image: image52.wmf]PR

and 
[image: image53.wmf]QS

 bisect each other at T









Prove: 
[image: image54.wmf]PR

Ð@Ð


c. Reasons:


Definition of Bisector


Given
Definition of Bisector
Side-angle-side Triangle Congruency


Definition of Vertical Angles
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Development of Ideas (Continued)



Answers to Introduction to Flow Chart Proofs (Continued)






9.
b.
Given: ( A and ( B are complementary









( B and ( C are complimentary








Prove: ( A ( ( C







c.

( A and ( B are complementary

( B and ( C are complimentary

Given

Given





( A + ( B = 90º

( B + ( C = 90º

Definition of 

Complementary Angles

Definition of 

Complementary Angles






( A + ( B = ( B + ( C



Transitive Property of Equality







( B 
[image: image55.wmf]@

 ( B



Reflexive Property of Congruence







( A 
[image: image56.wmf]@

 ( C



Subtraction Property


Justify geometric properties using a flow chart.



Worksheet:  Flow Chart Proofs



Answers:
1.



[image: image57.wmf]ER

AR

@







Given












[image: image58.wmf]EC
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@




[image: image59.wmf]RCA

RCE

D

@

D




[image: image60.wmf]A

E
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Given

Side-side-side triangle congruence

Definition of congruent triangles or CPCTC








[image: image61.wmf]RC

RC

@







Reflexive Property of congruence
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Development of Ideas (Continued)



Answers to Flow Chart Proofs (Continued)







2.


[image: image62.wmf]SU

SE

@







Given












[image: image63.wmf]U

E
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@

Ð




[image: image64.wmf]SUO

SEM

D

@

D




[image: image65.wmf]SO

MS

@



Given

Angle-Side-Angle triangle congruence

Definition of congruent triangles or CPCTC








[image: image66.wmf]2

1

Ð

@

Ð







Definition of Vertical Angles











3.

M is midpoint of 
[image: image67.wmf]AB




[image: image68.wmf]MB

AM

@







Given

Definition of midpoint













M is midpoint of 
[image: image69.wmf]CD




[image: image70.wmf]MD

CM

@




[image: image71.wmf]BMD

AMC

D

@

D




[image: image72.wmf]BD
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@



Given

Definition of midpoint

Side-angle-side triangle cong.

Definition of triangle cong. or CPCTC












[image: image73.wmf]2

1

Ð

@

Ð









Vertical angles are congruent











4.

Isosceles 
[image: image74.wmf]FGH

D




[image: image75.wmf]FH

FG

@





Given

Definition of isosceles triangle










[image: image76.wmf]EF

 is a median


[image: image77.wmf]HE

GE

@




[image: image78.wmf]HFE

GFE

D

@

D



Given

Definition of median

Side-side-side triangle cong.










[image: image79.wmf]EF

EF

@







Reflexive Property of congruence
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Closure

Describe the advantages and disadvantages of writing instructions for a task in a flow chart.

Answer:
An advantage of using flow charts is to be able to show different directions and logic pathways within the sequence of directions.  A disadvantage is that the pathways can be confusing and difficult to see at first.

Describe how deductive reasoning is used in flow charts.

Answer:
Flow charts show how deductive reasoning is developed by using the given statements, definitions, and theorems to demonstrate proofs and showing how the connections are made.

HSA Geometry Activities

Activity 5

Page 94

Page 14

Introduction to Flow Chart Proofs

A flow chart proof is a concept map that shows the statements and reasons needed for a proof in a structure that helps to indicate the logical order.  Statements, written in the logical order, are placed in the boxes.  The reason for each statement is placed under that box.

1.
a.
Cut out the individual boxes of statements and reasons at the bottom of the page.

b. Arrange the statements and reasons to prove the following conditional:

If 3x ( 15 = 150 then x = 55.
c. Copy the statements and reasons in the proper order on the flowchart displayed below. Place the statements in the boxes and the reasons on the lines below the boxes.

[image: image507.wmf]EF


d. What is the statement in the first box?  How does it relate to the conditional?

e. What is the statement in the last box?  How does it relate to the conditional?

[image: image508.wmf]FGH

D
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Introduction to Flow Chart Proofs (Continued)

2.
Prove the following conditional:

If  
[image: image80.wmf]4

24

7

=

x

, then x = 42.


a.
The statements are already entered into the flowchart. Write the correct reasons below each box.

[image: image509.wmf]________

D@D


[image: image510.wmf]AMMB

@

[image: image511.wmf]CD

[image: image512.wmf]AB


b. What is the statement in the first box? How does it relate to the conditional?

c. What is the statement in the last box? How does it relate to the conditional?

3. Prove the following conditional:

If 3x + 28 = 58, then x = 10.

Write the correct statements and reasons in the flowchart to prove the conditional above.

[image: image513.wmf]________

D@D


4. Given the conditional:

If 5x ( 12 = x ( 32, then x = -5.


Write the correct statements and reasons in the flowchart to prove the conditional above.

[image: image514.wmf]12

Ð@Ð
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Introduction to Flow Chart Proofs (Continued)

5. The flowchart proof can be used to show the logical process in a proof of a geometric idea. For example, given the following conditional:



 If ( 1 and ( 2 are supplementary and ( 2 ( ( 3, then m( 1 + m( 3 = 180(.

[image: image515.wmf]SESU

@


a.
State the given and prove for this conditional.



Given:

 

Prove:


b.
Sort the slips of paper from the envelope into statements and reasons. Then arrange the statements and reasons on the flowchart to give a logical proof of the conditional.


c.
What is the statement in the first box? How does it relate to the conditional?


d.
What is the statement in the last box? How does it relate to the conditional?

6. Prove the following conditional:

[image: image516.wmf]RCRC

@




If m( 1 = m( 2, then m( AEC = m( BED.

a. State the given and prove for this conditional.



Given: 






Prove:

b. Sort the slips of paper from the envelope into statements and reasons. Then arrange the statements and reasons on the flowchart to give a logical proof of the conditional.

7. [image: image517.wmf]ACEC

@

Prove the following conditional:



If 
[image: image81.wmf]PR

and 
[image: image82.wmf]QS

 bisect each other at T, 



then 
[image: image83.wmf]PQTRST

D@D

.

a. State the given and prove for this conditional. 



Given: 






Prove:


b.
Sort the slips of paper from the envelope into statements and reasons. Then arrange the statements and reasons on the flowchart to give a logical proof of the conditional.
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Introduction to Flow Chart Proofs (Continued)

8. Prove the following conditional:

[image: image518.wmf]RCERCA

D@D




If 
[image: image84.wmf]PR

and 
[image: image85.wmf]QS

 bisect each other at T, 



then 
[image: image86.wmf]PR

Ð@Ð

.
a. Complete the following:



Given:



Prove:

b. Mark the information that is given on the diagram.

c. Complete the missing parts of the flow chart proof.

[image: image519.wmf]PR
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Introduction to Flow Chart Proofs (Continued)

9.
If ( A and ( B are complementary and ( B and ( C are complimentary, then
( A ( ( C.


a.
Draw a diagram for this conditional.


b.
State the given and prove for this conditional in terms of the diagram.



Given:







Prove:

c.
Fill in the missing reasons in the flowchart below.
[image: image520.wmf]QS
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Introduction to Flow Chart Proofs (Continued)

Statements and Reasons for problem 5 flowchart proof


(1 and (2 are supplementary
Given

m(1 + m(3 = 180(
Definition of congruent angles

m(1 + m(2 = 180(
Substitution property of equality

(2 ( (3
Definition of supplementary angles

m(2 = m(3
Given

Statements and Reasons for problem 6 flowchart proof


m(1 = m(2
Angle addition postulate

m(1 + m(3 = m(2 + m(3
Substitution property of equality

m(AEC = m(1 + m(3

m(BED = m(2 + m(3
Given

m(AEC = m(BED
Addition property of equality

Statements and Reasons for problem 7 flowchart proof


[image: image87.wmf]PR

 and 
[image: image88.wmf]QS

 bisect each other at T
Given


[image: image89.wmf]PTTR

@


Vertical angles are congruent


[image: image90.wmf]QTTS

@


Definition of bisector


[image: image91.wmf]PTQRTS

Ð@Ð


Side-Angle-Side Congruence


[image: image92.wmf]PQTRST

D@D


Definition of bisector
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Introduction to Flow Chart Proofs (Continued)

[image: image521.wmf]PR
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[image: image522.wmf]PQTRST
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[image: image523.wmf]PTQRTS
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Introduction to Flow Chart Proofs (Continued)

[image: image525.wmf]PTTR

@

[image: image526.wmf]4
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[image: image527.wmf]CD

 

 

AB

[image: image528.wmf]ABEDCE
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[image: image529.wmf]BAECDE
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[image: image530.wmf][image: image531.wmf]AEED

@

[image: image532.wmf]ABEDCE
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[image: image533.wmf]AD
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Flow Chart Proofs

Fill in the missing reasons or statements in each proof.


1.
Given: 

[image: image93.wmf]ARER

@







[image: image94.wmf]ACEC

@



Prove: 

[image: image95.wmf]EA

Ð@Ð





2.
Given: 

[image: image96.wmf]SESU

@








[image: image97.wmf]EU

Ð@Ð



Prove: 

[image: image98.wmf]MSSO

@
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Flow Chart Proofs (Continued)

3.
Given:  
M is the midpoint of 
[image: image99.wmf]AB

.



M is the midpoint of 
[image: image100.wmf]CD

.


Prove:  
[image: image101.wmf]ACBD

@




4.
Given:  
Isosceles 
[image: image102.wmf]FGH

D

 with base 
[image: image103.wmf]GH





[image: image104.wmf]EF

 is a median


Prove: 

[image: image105.wmf]GFEHFE

D@D
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Lesson Plan – Paragraph Proofs

Essential Questions

How can deductive reasoning be used to validate conjectures?

What methods can be used to organize a deductive argument?

Warm-Up/Opening Activity



Construct a flow chart demonstrating the steps taken to get ready for school.

Development of Ideas

Convert the boxes of the flowchart to sentences and form a paragraph showing the steps taken to get ready for school.

Convert flow-chart proofs to paragraph proofs.

Justify geometric properties in paragraph form.

Worksheet: Introduction to Paragraph Proofs

Answers:
1.
a.
The first sentence contains the given statements.

b. The last sentence contains what is to be proved.

2. Lines 
[image: image106.wmf]AB

 and 
[image: image107.wmf]CD

 are parallel and E is the midpoint of 
[image: image108.wmf]AD

.  Since the 
[image: image109.wmf]AB

 and 
[image: image110.wmf]CD

 are parallel, angles BAE and CDE are congruent because if two parallel lines are cut by a transversal, then alternate interior angles are congruent.  For this same reason, angles ABE and DCE are congruent.  Since E is the midpoint of 
[image: image111.wmf]AD

, 
[image: image112.wmf]AE

 and 
[image: image113.wmf]ED

 are congruent.  Therefore, by angle-angle-side triangle congruence, 
[image: image114.wmf]ABE

D

 is congruent to 
[image: image115.wmf]DCE

D

.

3. Since 
[image: image116.wmf]EF

 

 

DG

 and 
[image: image117.wmf]GF

 

 

DE

 are given, then 
[image: image118.wmf]14

Ð@Ð

 and
[image: image119.wmf]3

Ð@Ð

2 because when two parallel lines are cut by a transversal, then alternate interior angles are congruent. 
[image: image120.wmf]DFDF

@

 because of the reflexive property of congruence.  Then 
[image: image121.wmf]FED

DGF

D

@

D

 by angle-side-angle triangle congruence. Therefore, 
[image: image122.wmf]DGEF

@

 by the definition of triangle congruence.
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Development of Ideas (Continued)


Answers to Introduction to Paragraph Proofs (Continued)

4. Since 
[image: image123.wmf]AC

 bisects 
[image: image124.wmf]BAD

Ð

 is given, then 
[image: image125.wmf]BAC

Ð@Ð

CAD because of the definition of angle bisectors. Since 
[image: image126.wmf]AC

 bisects 
[image: image127.wmf]BCD

Ð

 is given, then 
[image: image128.wmf]BCA

Ð@Ð

ACD because of the definition of angle bisectors. 
[image: image129.wmf]ACAC

@

 because of the reflexive property of congruence. Then, 
[image: image130.wmf]BAC

D@D

DAC by the angle-side-angle triangle congruence theorem.  Therefore 
[image: image131.wmf]ABAD

@

 by the definition of triangle congruence.

5. Since 
[image: image132.wmf]E

Ð

 and 
[image: image133.wmf]S

Ð

 are right angles, they both measure 90 degrees by the definition of right angles.  Because of this, they are also congruent.  We are also given that 
[image: image134.wmf]EFST

@

 and 
[image: image135.wmf]EDSR

@

.  Because of this information, 
[image: image136.wmf]DEFRST

D@D

 because of side-angle-side triangle congruence.

Justify geometric properties in paragraph form.



Worksheet: Paragraph Proofs

Answers:
1.

[image: image137.wmf]A

Ð

is congruent to 
[image: image138.wmf]B

Ð

and 
[image: image139.wmf]A

Ð

 is supplementary to 
[image: image140.wmf]B

Ð

.  Since the two angles are supplementary, their sum is 180º.  Since they are congruent, they can be substituted for one another, meaning that 
[image: image141.wmf]A

Ð

 + 
[image: image142.wmf]B

Ð

 is equal to 180º, but also that 2 times (
[image: image143.wmf]B

Ð

) is equal to 180º.  Then, 
[image: image144.wmf]B

Ð

 = 90º by the division property of equality.  Since the two angles are congruent, 
[image: image145.wmf]A

Ð

 also = 90º.  
[image: image146.wmf]A

Ð

 and 
[image: image147.wmf]B

Ð

are right angles by the definition of right angles.



2.

[image: image148.wmf]1

Ð

 and 
[image: image149.wmf]3

Ð

 are vertical angles.  Since they are vertical angles, there is an angle in between them, 
[image: image150.wmf]2

Ð

, which is adjacent to both angles and supplementary to both angles.  Since both 
[image: image151.wmf]1

Ð

 and 
[image: image152.wmf]3

Ð

 are supplementary to 
[image: image153.wmf]2

Ð

, 
[image: image154.wmf]1

Ð

 + 
[image: image155.wmf]2

Ð

 = 180º and 
[image: image156.wmf]2

Ð

 + 
[image: image157.wmf]3

Ð

 = 180º.
[image: image158.wmf]1

Ð

 + 
[image: image159.wmf]2

Ð

 = 
[image: image160.wmf]2

Ð

 + 
[image: image161.wmf]3

Ð

 by the application of the transitive property of equality. 
[image: image162.wmf]1

Ð

 and 
[image: image163.wmf]3

Ð

 are congruent because to the subtraction property of equality.

3. ABCD is a rectangle with 
[image: image164.wmf]AC

 and 
[image: image165.wmf]BD

 as diagonals.  Since ABCD is a rectangle, opposite sides 
[image: image166.wmf]AB

 and 
[image: image167.wmf]CD

 are congruent.  In addition, 
[image: image168.wmf]BC

 and 
[image: image169.wmf]DA

 are congruent.  Since
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Development of Ideas (Continued)


Answers to Paragraph Proofs (Continued)

3. (cont.) ABCD is a rectangle, 
[image: image170.wmf]B

Ð

 and 
[image: image171.wmf]C

Ð

 are right angles, and both equal to 90º by the definition of right angles.  Since both are equal to 90º, they are equal to one another by the transitive property.  
[image: image172.wmf]ABC

D

 and 
[image: image173.wmf]BCD

D

 are congruent by the side-angle-side triangle congruence theorem. 
[image: image174.wmf]AC

 is congruent to 
[image: image175.wmf]BD

 by the definition of congruent triangles.

4. ABDC is a rhombus with diagonals 
[image: image176.wmf]AC

 and 
[image: image177.wmf]BD

.  Since ABCD is a rhombus, all four sides are congruent.  In addition, 
[image: image178.wmf]AC

AC

@

 and 
[image: image179.wmf]BD

BD

@

 by the reflexive property of congruence.  
[image: image180.wmf]ABC

D

 is congruent to 
[image: image181.wmf]CDA

D

 and 
[image: image182.wmf]BCD

D

 is congruent to 
[image: image183.wmf]DAB

D

 by the side-side-side triangle congruence theorem.  Therefore, 




[image: image184.wmf]DAC

BAC

Ð

@

Ð




[image: image185.wmf]DCA

BCA

Ð

@

Ð





[image: image186.wmf]CBD

ABD

Ð

@

Ð




[image: image187.wmf]ADC

CDA

Ð

@

Ð


by the definition of triangle congruence. 
[image: image188.wmf]AC

 bisects 
[image: image189.wmf]BAD

Ð

 and 
[image: image190.wmf]BCD

Ð

 and 
[image: image191.wmf]BD

 bisects 
[image: image192.wmf]ADC

Ð

 and 
[image: image193.wmf]ABC

Ð

 by the definition of angle bisectors.





5.

[image: image194.wmf]B

Ð

 is inscribed in circle O and ABC is a semicircle.  The measure of arc ABC is 180º by the definition of a semicircle.  The m
[image: image195.wmf]B

Ð

 is 90º because the measure of an inscribed angle is half the measure of its intercepted arc.  Therefore, by definition of a right angle,
[image: image196.wmf]B

Ð

 is a right angle.

6. Quadrilateral ABCD is inscribed in circle O.  There are 360º in a circle, so m ABC + m CDA = 360º and the
m BCD + m DAB = 360º.  By the division property of equality, 
[image: image197.wmf]2

1

 m ABC + 
[image: image198.wmf]2

1

 m CDA = 180º and



 
[image: image199.wmf]2

1

 m BCD + 
[image: image200.wmf]2

1

 m DAB = 180º.  


The m
[image: image201.wmf]D

Ð

 = 
[image: image202.wmf]2

1

 m ABC, m
[image: image203.wmf]B

Ð

 = 
[image: image204.wmf]2

1

m CDA, 


m
[image: image205.wmf]A

Ð

 = 
[image: image206.wmf]2

1

m BCD, and m
[image: image207.wmf]C

Ð

 = 
[image: image208.wmf]2

1

m DAB because the 
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Development of Ideas (Continued)


Answers to Paragraph Proofs (Continued)

6. 
(cont.) measure of an inscribed angle is one-half the measure of its intercepted arc.  m
[image: image209.wmf]D

Ð

 + m
[image: image210.wmf]B

Ð

 = 180º and m
[image: image211.wmf]A

Ð

 + m
[image: image212.wmf]C

Ð

 = 180º by substitution.  Therefore, 
[image: image213.wmf]A

Ð

 is supplementary to 
[image: image214.wmf]C

Ð

and 
[image: image215.wmf]B

Ð

 is supplementary to 
[image: image216.wmf]D

Ð

by definition of supplementary angles.
7. 
[image: image217.wmf]AB

 is parallel to 
[image: image218.wmf]CD

.  Draw 
[image: image219.wmf]AD

.  
[image: image220.wmf]CDA

BAD

Ð

@

Ð

 because if two parallel lines are cut by a transversal, the alternate interior angles are congruent.  
[image: image221.wmf]CDA

BAD

Ð

=

Ð

 by the definition of congruent angles.  m
[image: image222.wmf]BAD

Ð

 = 
[image: image223.wmf]2

1

m BD and m
[image: image224.wmf]CDA

Ð

 = 
[image: image225.wmf]2

1

m AC because the measure of an inscribed angle is one-half the measure of its intercepted arc. 
[image: image226.wmf]2

1

m BD = 
[image: image227.wmf]2

1

m AC  by substitution.  The measure of BD = m AC by the multiplication property of equality. 


Therefore, 
[image: image228.wmf]BD

AC

@

 by the definition of congruent arcs.

Closure



Explain how deductive reasoning is used in paragraph proofs.

Answer:
Deductive reasoning is used to connect the given statements by use of definitions, theorems, and postulates to what is to be proved.
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Introduction to Paragraph Proofs

A paragraph proof is another way a proof is often written. The advantage of a paragraph proof is that you have the chance to explain your reasoning in your own words.  In a paragraph proof, the statements and their justifications are written together in a logical order in a paragraph form. There is always a diagram and a statement of the given and prove sections before the paragraph. 

1.
a.
What information does the first sentence of a paragraph proof contain?


b.
What information does the last sentence of a paragraph proof contain?
2.
For the flow chart proof below, rewrite each box as a statement with the reason for the box as the justification.


Given:   
[image: image229.wmf]CD

 

 

AB




E is the midpoint of 
[image: image230.wmf]AD



 


Prove:  
[image: image231.wmf]ABEDCE

D@D
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Introduction to Paragraph Proofs (Continued)

3.
Fill-in the missing statements and justifications in the following paragraph proof.



Given:  
[image: image232.wmf]EF

 

 

DG

, 
[image: image233.wmf]GF

 

 

DE



Prove:  
[image: image234.wmf]DGEF

@



Since 
[image: image235.wmf]EF

 

 

DG

 and 
[image: image236.wmf]GF

 

 

DE

 are given, then 
[image: image237.wmf]14

Ð@Ð

 and 
[image: image238.wmf]3

Ð@Ð

______ because ______________________________________________________. 
[image: image239.wmf]DFDF

@

 because __________________.  Then 
[image: image240.wmf]DGF_____

D@D

 by ________. Therefore, 
[image: image241.wmf]DGEF

@

 by ___________________________.

4.
Fill-in the missing statements and justifications in the following paragraph proof.


Given: 
[image: image242.wmf]AC

 bisects 
[image: image243.wmf]BAD

Ð




 
[image: image244.wmf]AC

 bisects 
[image: image245.wmf]BCD

Ð



Prove: 
[image: image246.wmf]ABAD

@



Since 
[image: image247.wmf]AC

 bisects 
[image: image248.wmf]BAD

Ð

 is given, then 
[image: image249.wmf]BAC

Ð@Ð

_________ because 


________________. Since 
[image: image250.wmf]AC

 bisects 
[image: image251.wmf]BCD

Ð

 is given, then 
[image: image252.wmf]BCA

Ð@Ð

______ because ____________. 
[image: image253.wmf]ACAC

@

 because ____________. Then 
[image: image254.wmf]BAC

D@D

________ by _______. Therefore 
[image: image255.wmf]ABAD

@

 by _________.

5.
Mark the given on the figure. Write your own paragraph proof for the following information. 



Given: (E and (S are right angles.



  
[image: image256.wmf]EFST

@

 and 
[image: image257.wmf]EDSR

@



Prove: 
[image: image258.wmf]DEFRST

D@D
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Paragraph Proofs

Use a paragraph proof to justify the following conjectures.

1. If two angles are both congruent and supplementary, then each angle is a right angle.

Given:  
[image: image259.wmf]AB

Ð@Ð


             
[image: image260.wmf]A

Ð

 is supplementary to 
[image: image261.wmf]B

Ð


Prove:  
[image: image262.wmf]A

Ð

 is a right angle

             
[image: image263.wmf]B

Ð

 is a right angle


2. Vertical angles are congruent.


Given:  
[image: image264.wmf]1

Ð

 and 
[image: image265.wmf]3

Ð

 are vertical angles

Prove:   
[image: image266.wmf]13

Ð@Ð





3. The diagonals of a rectangle are congruent.


Given:   Rectangle ABCD with diagonals 

                 
[image: image267.wmf]AC

 and 
[image: image268.wmf]BD


Prove:   
[image: image269.wmf]ACBD

@





4. The diagonals of a rhombus bisect the angles.


Given:   Rhombus ABCD with diagonals

                  
[image: image270.wmf]AC

 and 
[image: image271.wmf]BD


Prove:   
[image: image272.wmf]AC

 bisects 
[image: image273.wmf]BAD

Ð

 and 
[image: image274.wmf]BCD

Ð


             
[image: image275.wmf]BD

 bisects 
[image: image276.wmf]ADC

Ð

 and 
[image: image277.wmf]ABC

Ð
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Paragraph Proofs (Continued)

5. Angles inscribed in a semicircle are right angles.

Given:   
[image: image278.wmf]B

Ð

 is inscribed in circle O

               ABC  is a semicircle  

Prove: 
[image: image279.wmf]B

Ð

 is a right angle




6. If a quadrilateral is inscribed in a circle, then the opposite angles are supplementary.


Given:   Quadrilateral ABCD is  

                     inscribed in circle O

Prove:   
[image: image280.wmf]A

Ð

 is supplementary to 
[image: image281.wmf]C

Ð


              
[image: image282.wmf]B

Ð

 is supplementary to 
[image: image283.wmf]D

Ð





7. Parallel lines intercept congruent arcs on a circle.

Given:   
[image: image284.wmf]CD

 

 

AB


Prove:    AC  
[image: image285.wmf]@

  BD

(Hint:  Draw segment AD)
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Lesson Plan – Two-Column Proofs

Essential Questions

How can deductive reasoning be used to validate conjectures?

What methods can be used to organize a deductive argument?

Warm-Up/Opening Activity


Develop a flow chart proof and a paragraph proof for solving an algebraic equation.

Development of Ideas

Construct a two-column proof for solving an equation.

Worksheet: Introduction to Two-Column Proof


Answers:
1.
a.
x = 17





b.


5x – 28 = 57

5x = 85

x = 17

Given

Addition Property

Division Property

c. We start with the equation 5x – 28 = 57.  The first step to solve this equation is to add 28 to both sides of the equation, demonstrating the addition property of equality.  Next, divide both sides of the equation by 5 using the division property of equality.  Therefore, x is 17.






d.

5x – 28 = 57
Given

5x = 85
Addition Property

x = 17
Division Property





2. 
a.
Given: 
[image: image286.wmf]AC

 and 
[image: image287.wmf]BD

 bisect each other at M 







Prove: 
[image: image288.wmf]AMBCMD

D@D







c.
1.
Given

2. Definition of bisector

3. Definition of bisector

4. Definition of vertical angles

5. Side-angle-side triangle congruence
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Development of Ideas (Continued)



Answers to Introduction to Two Column Proof (Continued)





2.
d.





[image: image289.wmf]MC

AM

@






Definition of bisector







[image: image290.wmf]BC

and

AC

 

 

 bisect each other


[image: image291.wmf]MD

BM

@




[image: image292.wmf]CMD

AMB

D

@

D



Given

Definition of bisector

Side-angle-side triangle congruence








[image: image293.wmf]DMC

AMB

Ð

@

Ð






Definition of vertical angles






3.
Answers will vary.  Check student reasoning so be sure that it matches selection.

Justify geometric properties using a two-column proof format.



Worksheet: Two-Column Proofs


Answers:
1.
1.
Given

2. Given

3. Definition of angle bisector

4. Reflexive property of congruence

5. Side-angle-side triangle congruence

6. Definition of congruent triangles





2.
1.
Given

2. Given

3. Reflexive property of congruence

4. Side-side-side triangle congruence

5. Definition of congruent triangles

6. If alternate interior angles are congruent then the lines are parallel.





3.
1.
ABCD is a parallelogram

2. 
[image: image294.wmf]ABDC

@


3. 
[image: image295.wmf]AEEC

@


4. 
[image: image296.wmf]DEEB

@


5. 
[image: image297.wmf]ABECDE

D@D
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Development of Ideas (Continued)



Answers to Two Column Proofs (Continued)





4.
Statement


Reason





1.
[image: image298.wmf]AV

 

 

DE




1. Given






2. DAVE is a trapezoid
2. Definition of trapezoid






3. 
[image: image299.wmf]DAVEVA

D@D



3. Given






4. 
[image: image300.wmf]DAEV

@




4. Definition of cong. tri.






5. DAVE is an isosceles
5. Definition of isosceles







 trapezoid


trapezoid





5.
1.
Given

2. Definition of a semicircle

3. An angle inscribed in a semicircle is a right angle

4. All right angles are congruent

5. Reflexive property of congruence

6. Given

7. Hypotenuse-Leg Congruence

Closure


Compare and contrast flow-chart proofs and two-column proofs. 



Answer:
Flow-chart proofs and two-column proofs both organize statements and reasons together but flow-chart proofs allow multiple pathways and connections as where two-column proofs are always linear in reasoning.
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Introduction to Two-Column Proof

1.
a.
Solve the following equation.


[image: image301.wmf]52857

-=

x


b.
Draw a flowchart showing the steps and reasons for each step in solving the equation.



c.
Write a paragraph explaining the steps needed to solve the equation and justifying each step.


d.
Fill in the chart below showing the steps for solving the equation.

Statements
Reasons










A two-column statement-reason proof resembles the chart used to show the solution to the equation above. The statements are listed in logical order on the left side and the reason each statement is true is on the right side. The last statement is always what is being proven.
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Introduction to Two-Column Proof (Continued)

2.
If 
[image: image302.wmf]AC

 and 
[image: image303.wmf]BD

 bisect each other at M then 
[image: image304.wmf]AMBCMD

D@D

.



a.
Complete the following:




Given:



Prove:


b.
Mark the diagram with the given information.



The paragraph proof would be written as follows:





Since it is given that 
[image: image305.wmf]AC

 and 
[image: image306.wmf]BD

 bisect each other at M then 
[image: image307.wmf]AMMC

@

 and 
[image: image308.wmf]BMMD

@

 by the definition of bisect. 
[image: image309.wmf]AMBCMD

Ð@Ð

 since vertical angles are congruent. Therefore 
[image: image310.wmf]AMBCMD

D@D

 by Side-Angle-Side congruence.


c.
This paragraph proof can be represented in a two-column statement-reason proof. The statements in logical order needed for the proof are already entered. Fill in each missing reason below.


Given:


Prove:

Statements
Reasons

1.   
[image: image311.wmf]AC

 and 
[image: image312.wmf]BD

 bisect each other at M
1.

2.   
[image: image313.wmf]AMMC

@

 
2.

3.  
[image: image314.wmf]BMMD

@


3.

4.   
[image: image315.wmf]AMBCMD

Ð@Ð


4.

5.   
[image: image316.wmf]AMBCMD

D@D


5.
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Introduction to Two-Column Proof (Continued)

d. 
Below is the outline of a flow chart proof for the same given and prove. Fill in the boxes and reasons to complete the proof.





Given:




Prove:


3.
Which of the three types of proof, flow-chart, paragraph, or two-column, is easiest for you to understand?  Explain.
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Two-Column Proofs

1.
Mark the given information on the diagram. Give a reason for each step in the two-column proof. Choose the reason for each statement from the list below.


Given: 

[image: image317.wmf]YXWX

@




  

[image: image318.wmf]ZX

 bisects 
[image: image319.wmf]YXW

Ð



Prove:  

[image: image320.wmf]YZWZ

@





Statement
Reason

1.  
[image: image321.wmf]YXWX

@


1.

2.  
[image: image322.wmf]ZX

 bisects 
[image: image323.wmf]YXW

Ð


2.

3.  
[image: image324.wmf]YXZWXZ

Ð@Ð


3.

4.  
[image: image325.wmf]XZXZ

@


4.

5.  
[image: image326.wmf]YXZWXZ

D@D


5.

6.  
[image: image327.wmf]YZWZ

@


6.

Choose a reason from this list:

Definition of angle bisector

Definition of congruent triangles or CPCTC

Given 

Given




Reflexive property of congruence

Side-Angle-Side congruence
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Two-Column Proofs (Continued)

2.
Mark the given information on the diagram. Give a reason for each step in the two-column proof. Choose the reason for each statement from the list below.



Given:

[image: image328.wmf]ADBC

@






[image: image329.wmf]ABDC

@



Prove:

[image: image330.wmf]BC

 

 

AD


Statement
Reason

1.  
[image: image331.wmf]ADBC

@


1.

2.  
[image: image332.wmf]ABDC

@


2.

3.  
[image: image333.wmf]ACAC

@


3.

4.  
[image: image334.wmf]CADACB

D@D


4.

5.  
[image: image335.wmf]DACBCA

Ð@Ð


5.

6.  
[image: image336.wmf]BC

 

 

AD


6.

Choose a reason from this list:



Definition of congruent triangles



Given



Given



If alternate interior angles are congruent then the lines are parallel.

Reflexive property of congruence

Side-Side-Side congruence
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Two-Column Proofs (Continued)

3.
Complete the following proof by filling in each statement. Remember to mark all given information on the diagram.



Given:
ABCD is a parallelogram


Prove:

[image: image337.wmf]ABECDE

D@D


Statement
Reason

1.
1.  Given

2.
2.  In a parallelogram, opposite sides are congruent.

3.
3.  In a parallelogram, diagonals bisect each other.

4.
4.  In a parallelogram, diagonals bisect each other.

5.
5.  Side-Side-Side congruence


Choose a statement from this list:



[image: image338.wmf]AEEC

@



ABCD is a parallelogram



[image: image339.wmf]DEEB

@




[image: image340.wmf]ABECDE

D@D




[image: image341.wmf]ABDC

@
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Two-Column Proofs (Continued)

4.
Fill-in the statements and reasons for the following proof.



Given:

[image: image342.wmf]AV

 

 

DE






[image: image343.wmf]DAVEVA

D@D



Prove:  DAVE is an isosceles trapezoid

Statement
Reason

1.
1.

2.
2.

3.
3.

4.
4.

5.
5.

Possible Statements
Possible Reasons

DAVE is a trapezoid
Given


[image: image344.wmf]DAEV

@


Definition of isosceles trapezoid

DAVE is an isosceles trapezoid
Given


[image: image345.wmf]DAVEVA

D@D


Definition of trapezoid


[image: image346.wmf]AV

 

 

DE


Definition of congruent triangles
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Two-Column Proofs (Continued)

5.
Complete the following proof. 



Given:

[image: image347.wmf]MR

 is a diameter of ( O





[image: image348.wmf]ARMK

@



Prove:

[image: image349.wmf]MARRKM

D@D


Statement
Reason

1.   
[image: image350.wmf]MR

 is a diameter of ( O
1.


2.    MAR and MKR are semicircles


2.

3.  
[image: image351.wmf]MAR

Ð

and
[image: image352.wmf]MKR

Ð

are right angles
3.

4.  
[image: image353.wmf]MARMKR

Ð@Ð


4.

5.  
[image: image354.wmf]MRMR

@


5.

6.  
[image: image355.wmf]ARMK

@


6.

7.  
[image: image356.wmf]MARRKM

D@D


7.


Choose from this list of reasons.

An angle inscribed in a semicircle is a right angle.



All right angles are congruent



Definition of a semicircle



Given

Given

Hypotenuse-Leg Congruence 



Reflexive property of congruence
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Lesson Plan – Practice with Proofs

Essential Questions

How can deductive reasoning be used to validate conjectures?

What methods can be used to organize a deductive argument?

Warm-Up/Opening Activity



Rewrite conjectures in if-then form.

Development of Ideas

Investigate the relationship between an if-then statement and the given information and then prove information in a deductive proof.

Practice simple proofs.



Worksheet: Practice with Proofs


Answers:
1.
a.
If a linear pair includes one angle of 45º, then the other angle measures 135º






b.









c.
Given: 
[image: image357.wmf]ACB

Ð

 = 45º







Prove: 
[image: image358.wmf]BCD

Ð

 = 135º






d.
Given the fact that a linear pair is defined as two angles that add up to 180º.  Since the two angles, 
[image: image359.wmf]ACB

Ð

 and 
[image: image360.wmf]BCD

Ð

 are a linear pair, they add up to 180º.  Since we are told that 
[image: image361.wmf]ACB

Ð

 is 45º, then by subtraction we know that 
[image: image362.wmf]BCD

Ð

 must be 135º.






e.
Statement


Reason






1. 
[image: image363.wmf]ACB

Ð

 and 
[image: image364.wmf]BCD

Ð

 are
1. Given








a linear pair







2. 
[image: image365.wmf]ACB

Ð

 = 45º

2. Given







3. 
[image: image366.wmf]ACB

Ð

 + 
[image: image367.wmf]BCD

Ð

= 180º
3. Def. of linear pair







4.        45º + 
[image: image368.wmf]BCD

Ð

= 180º
4. Substitution prop.







5.                  
[image: image369.wmf]BCD

Ð

= 135º
5. Subtraction prop.
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Development of Ideas (Continued)



Answers to Practice with Proof (Continued)





2.
a.
If two angles are supplements to the same angle, then the two angles are congruent.






b.




c.
Given: 
[image: image370.wmf]DEA

Ð

 is supplementary to 
[image: image371.wmf]AEB

Ð












[image: image372.wmf]CEB

Ð

 is supplementary to 
[image: image373.wmf]AEB

Ð










Prove: 
[image: image374.wmf]DEA

Ð

 
[image: image375.wmf]@

 
[image: image376.wmf]CEB

Ð


d. Two angles being supplementary to the same angle means that 
[image: image377.wmf]DEA

Ð

 + 
[image: image378.wmf]AEB

Ð

 = 180º and that 
[image: image379.wmf]CEB

Ð

 + 
[image: image380.wmf]AEB

Ð

 = 180º.  By the transitive property, 
[image: image381.wmf]DEA

Ð

 + 
[image: image382.wmf]AEB

Ð

 = 
[image: image383.wmf]CEB

Ð

 + 
[image: image384.wmf]AEB

Ð

.  Since we know that 
[image: image385.wmf]AEB

Ð

 = 
[image: image386.wmf]AEB

Ð

 by the reflexive property, then 
[image: image387.wmf]DEA

Ð

  = 
[image: image388.wmf]CEB

Ð

 by the subtraction property and 
[image: image389.wmf]DEA

Ð

 
[image: image390.wmf]@

 
[image: image391.wmf]CEB

Ð

 by the definition of angle congruence.

e. Statements




1. 
[image: image392.wmf]DEA

Ð

 is supplementary to 
[image: image393.wmf]AEB

Ð


2. 
[image: image394.wmf]CEB

Ð

 is supplementary to 
[image: image395.wmf]AEB

Ð


3. 
[image: image396.wmf]DEA

Ð

 + 
[image: image397.wmf]AEB

Ð

 = 180º

4. 
[image: image398.wmf]CEB

Ð

 + 
[image: image399.wmf]AEB

Ð

 = 180º

5. 
[image: image400.wmf]DEA

Ð

 + 
[image: image401.wmf]AEB

Ð

 = 
[image: image402.wmf]CEB

Ð

 + 
[image: image403.wmf]AEB

Ð


6. 
[image: image404.wmf]DEA

Ð

  = 
[image: image405.wmf]CEB

Ð


7. 
[image: image406.wmf]DEA

Ð

 
[image: image407.wmf]@

 
[image: image408.wmf]CEB

Ð






3.
a.
If two angles are complements to congruent angles, then they themselves are congruent.






b.











c.
Given: 
[image: image409.wmf]AFB

Ð

 is complementary to 
[image: image410.wmf]BFC

Ð










[image: image411.wmf]EFD

Ð

 is complementary to 
[image: image412.wmf]DFC

Ð










[image: image413.wmf]BFC

Ð

 
[image: image414.wmf]@

 
[image: image415.wmf]DFC

Ð








Prove: 
[image: image416.wmf]AFB

Ð



 EMBED Equation.3  [image: image417.wmf]@

 
[image: image418.wmf]EFD

Ð
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Development of Ideas (Continued)



Answers to Practice with Proof (Continued)





3.
d.
Since the two pair of given angles are complementary, then they each add up to 90º by the definition of complementary angles.  By use of the transitive property, we can say that each pair of angle sums is equal to one another.  Since one of each of the pair of angles are already congruent, then by the subtraction property, the other angle in each pair is also congruent.






e.
Statements






1. 
[image: image419.wmf]BFC

Ð

 
[image: image420.wmf]@

 
[image: image421.wmf]DFC

Ð








2. m
[image: image422.wmf]BFC

Ð

 = m
[image: image423.wmf]DFC

Ð








3. 
[image: image424.wmf]AFB

Ð

is complementary to 
[image: image425.wmf]BFC

Ð








4. 
[image: image426.wmf]EFD

Ð

 is complementary to 
[image: image427.wmf]DFC

Ð








5. 
[image: image428.wmf]AFB

Ð

+ 
[image: image429.wmf]BFC

Ð

 = 90º







6. 
[image: image430.wmf]EFD

Ð

 + 
[image: image431.wmf]DFC

Ð

 = 90º









7. 
[image: image432.wmf]AFB

Ð

+ 
[image: image433.wmf]BFC

Ð

 = 
[image: image434.wmf]EFD

Ð

 + 
[image: image435.wmf]DFC

Ð










8. 
[image: image436.wmf]AFB

Ð

+ 
[image: image437.wmf]BFC

Ð

 = 
[image: image438.wmf]EFD

Ð

 + 
[image: image439.wmf]BFC

Ð










9. 
[image: image440.wmf]AFB

Ð

= 
[image: image441.wmf]EFD

Ð










10. 
[image: image442.wmf]AFB

Ð



 EMBED Equation.3  [image: image443.wmf]@

 
[image: image444.wmf]EFD

Ð


Closure


What are the important elements in any proof?


Answer:
Every proof must have givens and what is to be proved as well as logical reasoning to get from one to the other.


Compare and contrast flow-chart, paragraph, and two-column proofs.



Answer:
All proofs use given statements and logical reasoning to prove statements.  Flow-chart proofs allow multiple connects and pathways, paragraph proofs use sentences to demonstrate logical reasoning, and two-column proofs use a linear structure to go from given statements to what is to be proved.
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Practice with Proof

1.
Conditional statements are used often in geometry but are not always written in the if-then form that is needed for constructing a proof. 


a.
For the conditional below, rewrite the statement in if-then form, and then label the hypothesis and the conclusion.




In a linear pair where one angle measures 45(, the other measures 135(.


b.
The second step in writing a proof is to draw and label a diagram that represents the given information.  Draw and label a diagram for the statement. Remember to label the names of the angles, not just write their measures.


c.
The third step is to label the given and prove in terms of the diagram. Use the names of the angles in your statements.



Given:



Prove:


d. 
Write a paragraph to explain to someone else why you know the conditional is true. Include the reason why you know each statement is true.


e.
Now complete the proof based on the explanation from part d.

Statement
Reason

1.
1.  given

2.
2.  given

3.
3.

4.
4.

5.
5.
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Practice with Proof (Continued)

2. 
a.
For the conditional, rewrite the statement in if-then form, and then label the hypothesis and the conclusion.

Supplements of the same angle are congruent.

b.
Draw and label a diagram for the statement. Remember to label the names of the angles.


c.
Write the given and prove in terms of the diagram. Use the names of the angles in your statements. Hint: There are two given statements.



Given:



Prove:


d.
Write a paragraph to explain to someone else why you know the conditional is true. Include the reason why you know each statement is true.


e.
Now complete the proof based on the explanation from part d.

Statements
Reasons

1.
1.  Given

2.
2.  Given

3.
3.  Definition of supplementary

4.
4.  Definition of supplementary

5.
5.  Substitution property of equality

6.
6.  Subtraction property of equality

7.
7.  Definition of congruence
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Practice with Proof (Continued)

3. 
a.
For the conditional, rewrite the statement in if-then form, and then label the hypothesis and the conclusion.






The complements of congruent angles are congruent.

b.
Draw and label a diagram for the statement. Remember to label the names of the angles.


c.
Write the given and prove in terms of the diagram. Use the names of the angles in your statements. Hint: There are three given statements.



Given:



Prove:


d.
Write a paragraph to explain to someone else why you know the conditional is true. Include the reason why you know each statement is true.


e.
Now complete the proof based on the explanation from part d.

Statements
Reasons

1.
1.  Given

2.
2.  Definition of congruence

3.
3.  Given

4.
4.  Given

5.
5.  Definition of complementary

6.
6.  Definition of complementary

7.
7.  Transitive property of equality

8.
8.  Substitution property of equality

9.
9.  Subtraction property of equality

10.
10.  Definition of congruence
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Lesson Plan – Coordinate Proofs

Essential Questions

How can deductive reasoning be used to validate conjectures?

What methods can be used to organize a deductive argument?

Warm-Up/Opening Activity


Use the Pythagorean Theorem to find the distance between A(5, 3) and B(-4, 1).

Development of Ideas

Recall the distance, slope, and midpoint formulas.

Place geometric figures on a coordinate plane so that calculations are simplified.

Justify geometric properties using coordinate proofs.

Worksheet: Introduction to Coordinate Proofs



Answers:
1.
a.
If a quadrilateral is a square, then the diagonals are congruent and are perpendicular bisectors of one another.





2.
a.
If a segment joins the midpoints of two sides of a triangle, then the segment is parallel to the third side of the triangle and has a length that is one-half of the length of the third side.



Worksheet:  Coordinate Proofs


Answers:
1.
Students should set up a parallelogram (with coordinates (0, 0), (a, 0), (b, c), and (a + b, c) for example), find the midpoints of two opposite sides 
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 and then find slope of the two sides as well as the segment joining the midpoints to determine that they are all parallel.

2. Students should create a random quadrilateral, determine the midpoints of all four sides, find the slopes of the opposite sides, and find that opposite sides are parallel.

HSA Geometry Activities

Activity 5

Page 130
Page 50
Development of Ideas



Answers to Coordinate Proofs (Continued)

3. Students should create a parallelogram, find the midpoint of each diagonal, and determine that it is the same point.

4. Students should create a rectangle and find the distance between opposite vertices, showing that the lengths of the diagonals are the same.

5. Students should create a random rhombus (being sure that all four lengths are the same), then determine the slope between the opposite vertices.  The product of the slopes should be –1 to show that they are perpendicular.

6. a.
Students should create a trapezoid and find the midpoints of the non-parallel sides.  Students should find the slope of the parallel sides as well as the slope of the segment connecting the midpoints to show that the three segments are parallel.  






b.
Using the distance formula, students should show that the length of the midsegment is one-half the length of the sum of the two parallel bases.

Closure

Describe the advantages and disadvantages of coordinate proofs.

Answer:
The advantages of coordinate proofs is that they can be generalized to all possible contexts and they incorporate the use of algebraic reasoning.  A disadvantage is that you have to be sure that you are selecting a diagram that does include all possible cases for the given statements.

Describe when and why you might want to double the coordinates of a figure when using a coordinate proof.



Answer:
Sometimes doubling the coordinates will allow the use of fractions to be easier to use in the problem.
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Introduction to Coordinate Proofs

Proofs involving midpoints, slope, and distance can be simplified by using analytic geometry. These proofs are called coordinate proofs.  In a coordinate proof, the figure is drawn and labeled on a coordinate plane in a way that makes finding distances easy.  Begin by placing one vertex of the figure at the origin.  Place one side of the figure on the x-axis.  Place parallel lines on either horizontal or vertical lines.  Use a horizontal line and a vertical line for perpendicular lines.  Once the figure has been placed on the coordinate plane, the distance formula can be used to measure distances, the midpoint formula can be used to locate points, and the slope formula can be used to determine parallel or perpendicular lines.  Coordinate proofs rely on the premises of geometry plus the following properties from algebra. 

Coordinate Geometry Formulas

The distance between points (x1, y1) and (x2, y2) is  
[image: image446.wmf]22
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The midpoint of the segment joining the points (x1, y1) and (x2, y2) is 
[image: image447.wmf]1212
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The slope m of a line through two points (x1, y1) and (x2, y2), x1
[image: image448.wmf]¹

x2, is 
[image: image449.wmf]21
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The slope of a horizontal line is zero.  

The slope of a vertical line is undefined.

Two lines with slopes m1 and m2 are parallel if and only if m1 = m2.

Any vertical line is perpendicular to any horizontal line.

Two non-vertical lines are perpendicular if and only if their slopes are negative reciprocals of each other.  



1. Write a coordinate proof of the conjecture: 



The diagonals of a square are congruent and are perpendicular bisectors of each other.

a. For the conditional, rewrite the statement in if-then form, and then label the hypothesis and the conclusion.


b.  
Place and label the figure on the coordinate plane.

(1) Place one vertex, point A, at the origin.


HSA Geometry Activities

Activity 5

Page 132
Page 52
Introduction to Coordinate Proofs (Continued)

(2) Place a second vertex, point B, on the x-axis.  This simplifies calculations because the y-coordinate of this point is 0.


(3) 
[image: image450.wmf]AD

 and 
[image: image451.wmf]AB

 must be perpendicular.  Since 
[image: image452.wmf]AB

 lies on the x-axis, 
[image: image453.wmf]AD

 must lie on the y-axis a units above point A.


(4) Place point C a units above point B.


(5)  Draw the diagonals.
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Introduction to Coordinate Proofs (Continued)

b. Write the given and prove of the conditional statement in terms of the diagram.

Given:  Square ABCD with diagonals 
[image: image454.wmf]AC

 and 
[image: image455.wmf]BD


Prove:  

[image: image456.wmf]ACBD

@





[image: image457.wmf]ACBD

^





[image: image458.wmf]AC

 and 
[image: image459.wmf]BD

 bisect each other

c. Use the distance formula to find the lengths of the two diagonals.


AC 
[image: image460.wmf]22
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 EMBED Equation.DSMT4  [image: image461.wmf]222
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BD 
[image: image462.wmf]22
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So, by the definition of congruence, 
[image: image464.wmf]ACBD

@

 because they both have the same lengths.

c. Use the midpoint formula to find the midpoints of the two diagonals.



Midpoint of 
[image: image465.wmf]AC

=
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Midpoint of 
[image: image467.wmf]BD
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So, 
[image: image469.wmf]AC

and 
[image: image470.wmf]BD

 bisect each other because both segments have the same midpoint.

d. Use the slope formula to compare the slopes of the two diagonals.

Slope of 
[image: image471.wmf]AC

=
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21

0

1

0

--

==

--

yya

xxa


Slope of 
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So, 
[image: image475.wmf]ACBD

^

 because the product of the slopes of the two segments is 
[image: image476.wmf]1

-

.

Therefore, the diagonals of a square are congruent and are perpendicular bisectors of each other.

2. 
Write a coordinate proof of the conditional statement:




The segment that joins the midpoints of two sides of a triangle 

(1) is parallel to the third side of the triangle, and

(2) has a length equal to half the length of the third side.
a. For the conditional, rewrite the statement in if-then form, and then label the hypothesis and the conclusion.
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Introduction to Coordinate Proofs (Continued)

b. Draw and label a figure on the coordinate plane.  


Hint:  The algebra to calculate the coordinates of the midpoints of the two sides of the triangle can be simplified if you multiply each of the coordinates of the vertices of the triangle by two.



c.
Write the given and prove in terms of the diagram. 



Given:
Triangle ABC 




M is the midpoints of 
[image: image477.wmf]AB

 




N is the midpoint of 
[image: image478.wmf]AC




Prove:
(1)  
[image: image479.wmf]BC

 

 

MN





(2)  MN = 
[image: image480.wmf]BC

2



d.
Use the midpoint formula to find the coordinates of the midpoints of the two congruent sides of the triangle.




M = 
[image: image481.wmf]1212

xxyy

 , 

22

++

æö

ç÷

èø

 = 
[image: image482.wmf]2020

 , 

22

++

æö

ç÷

èø

bc

 = 
[image: image483.wmf](

)

,

bc
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e. Use the slope formula to compare the slopes of the two segments.




Slope of 
[image: image487.wmf]MN
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Slope of 
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So, 
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 because the two segments have equal slopes
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Introduction to Coordinate Proofs (Continued)

f. Use the distance formula to find the lengths of the two segments.




MN = 
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Therefore. the segment that joins the midpoints of two sides of a triangle is 
(1) parallel to the third side of the triangle, and (2) equal in length to one-half the length of the third side.

HSA Geometry Activities

Activity 5

Page 136
Page 56
Coordinate Proofs

Use coordinate proofs to justify the following conditional statements.

1.
The segment joining the midpoints of two opposite sides of  a parallelogram is parallel to the other two sides.

2. The quadrilateral formed by joining, in order, the midpoints of the sides of a quadrilateral is a parallelogram.

3. The diagonals of a parallelogram bisect each other.

4. The diagonals of a rectangle are congruent.

5. The diagonals of a rhombus are perpendicular.

6. The mid-segment of a trapezoid is  


a.  
parallel to each of the bases of the trapezoid, and 


b.  
equal in length to one-half the sum of the lengths of the two bases.
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If lines parallel, then alternate interior angles are congruent
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Definition of midpoint
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Flowchart for problem 5








Flowchart for problem 6








Flowchart for problem 7
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