Grade 3 Advanced/Gifted and Talented (GT) Mathematics                                                                                                        An Olympic Field Day: 
A Problem-Based Learning (PBL) Unit in Numbers and Operations-Fractions 

Introduction:
This unit models instructional approaches for differentiating the CCSS for advanced/gifted and talented students. Gifted and talented students are defined in Maryland law as having outstanding talent and performing, or showing the potential for performing, at remarkably high levels when compared with their peers (§8-201). State regulations require local school systems to provide different services beyond the regular program in order to develop gifted and talented students’ potential.   Appropriately differentiated programs and services will accelerate, enrich, and extend instructional content, strategies, and products to apply learning (COMAR 13A.04.07 §03). 

Overview: 

Students will develop a workable plan for the school’s field day in this Olympics-themed Problem-Based Learning (PBL) unit aligned with the third and fourth grade Maryland Common Core State Standards for Number and Operations—Fractions. Beginning with fractions as numbers, students design flags based upon equal parts of a whole. Investigating further, students use and create number lines to compare fractions with like and unlike denominators. Equivalent fractions and ordering fractions continues through collecting and comparing data in Olympic events. Students use this knowledge to add and subtract fractions and mixed numbers using visual representations to gain a conceptual understanding of combining and separating fractional parts. In a summative performance task that responds to the PBL scenario, students plan and present proposals for the school’s themed Olympic Field Day. 

Teacher Notes:
  
Problem-based learning (PBL) is a research-based strategy that is effective for providing differentiation for gifted learners.  PBL develops critical and creative thinking, collaboration, and joy in learning as it motivates and challenges students to learn through engagement in real-life problems.  Students engage in the work of professionals as they collect data, analyze information, evaluate results, and learn to communicate their understanding to others.


PBL organizes curriculum and instruction around interdisciplinary “ill-structured” problems that professionals might actually face, and in which the students see themselves as active stakeholders. While the problem becomes the purpose for learning, this unit carefully structures the problem-solving process so that students achieve the required understandings. The PBL investigation results in student-created products presented to an authentic audiences which can evaluate the effectiveness of the solutions.
The problem is presented in a realistic format called a “scenario.” A PBL scenario has an engaging social context in which the students play a role, so there is a high motivation to solve the problem. This unit includes a model problem scenario in the form of a letter to the principal. The letter is contrived, but the news story is authentic.  The teacher may choose to revise this scenario in order for it to be timely and relevant to the targeted group of students.  
Important:  In PBL, the teacher must create an authentic audience for student products.  The field day plans, after being evaluated by an in-house team, actually could be used for the school’s field day.  The teacher could arrange for the students’ plans to be submitted to the superintendent’s office for distribution to other schools.
An effective problem scenario identifies and defines the problem and also establishes the conditions/criteria for the solutions which are aligned with the content standards and mathematical practices.  The problem statement for this unit can be stated using this frame:

How can we as proficient mathematics students (role of students) create a school field day plan (task/product) that is a safe model for other schools to use (purpose/ audience) in such a way that the plan: (the conditions/criteria for the product)
· is modeled on the Olympics
· Creates team identity (flags)
· Offers three levels of prizes (medals)
· Has an event schedule and map
· Applies understanding of fractions and decimals
· Uses accurate measurements
· Communicates using drawings and diagrams 



Additional Teacher Notes:
· The Common Core stresses the importance of moving from concrete fractional models to the representation of fractions using numbers and the number line.  Concrete fractional models are an important initial component in developing the conceptual understanding of fractions. However, it is vital that we link these models to fraction numerals and representation on the number line.  This movement from visual models to fractional numerals should be a gradual process as the student gains understanding of the meaning of fractions. 
· Review the Progressions for Grades 3-5 Number and Operations – Fractions at http://commoncoretools.files.wordpress.com/2011/08/ccss_progression_nf_35_2011_08_12.pdf to see the development of the understanding of fractions as stated by the Common Core Standards Writing Team, which is also the guiding information for the PARCC Assessment development.
· When implementing this unit, be sure to incorporate the Enduring Understandings and Essential Questions as a foundation for your instruction.
· When comparing fractions of regions, the whole of each must be the same size. It is important to help students understand that two equivalent fractions are two ways of describing the same amount by using different-sized fractional parts.  
· It is important for students to understand that the denominator names the fraction part that the whole or set is divided into, and therefore is a divisor.  The numerator counts or tells how many of the fractional parts are being discussed.  
· Before teaching fraction symbolism, reinforce fraction vocabulary and talk about fractional parts through modeling with concrete materials.  This will lead to the development of fractional number sense needed to successfully compare and compute fractions.
· Students should be able to represent fractional parts in various ways.
· As with fractions, the comparison of decimals is only valid when the two decimals refer to the same whole or set.
· Possible Components of Instruction (not to be confused with a checklist, but to share areas of focus to be included in the unit instruction):
· Fair shares activities 
· Connection to geometry from grades 1 & 2
· Connection to fractions as equal parts of a whole
· Word name
· Fraction Notation
· Define unit fraction
· Count parts by unit fraction

· Decompose fractions into unit fractions

· Fractions on a number line 
· Interval
· Counting by unit fractions
· Naming fractions/whole numbers in more than one way
· Collect and compare data using fractions
· Add and subtract fractions and mixed numbers using visual representations

· Equivalent Fractions  
· Visual models
· Number lines
· Whole numbers as fractions

· Comparing Fractions 
· Developing fraction number sense by reasoning 
· Using benchmarks 0,  , 1
· About the size of parts and/or number of parts
· Same numerator
· Same denominator
· Visual models to justify conclusions; using relational symbols
· Decimal fractions should be named correctly in order to reinforce place value. The words “one and twenty-four-hundredths” convey more meaning than “one point twenty-four.” This reinforces the idea that decimals are fractions written in symbolic notation.
· The word and is used to indicate the decimal point in a mixed decimal. 342.3 should be read as three hundred forty-two and three tenths, not three hundred and forty-two and three tenths. 
· Decimal number sense should be a focus during instruction so that students recognize an unreasonable answer and can also determine the best approach to solving the problem. 
· Familiar fraction concepts can be extended through the use of base ten fraction models.
· It is important for students to explore decimals through the use of concrete materials such as decimal squares, decimal tiles, base ten materials, Digi-Blocks, etc. with the inherent goal of moving toward the use of number when ready.
· As with fractions, it is important to develop benchmarks such as 0, , and 1. For example, is 5.39 closer to 5 or to 6? 
· When working with money, several things are important to note: 
· Although 19 cents is 19 hundredths of a dollar, people often do not think about $5.19 in this way. They think instead of 5 dollars and 19 cents with the dollars and cents representing two separate systems of units, with a conversion between them. Although people are aware that there are 100 cents in a dollar, the fractional relationship is often not connected. $5.19 is thought of as two numbers, not as one. When using money to teach about decimals, care should be taken to not teach two parallel systems of whole numbers, without strong links between the dollar and cent components.
· It should also be noted that in $5.19, the 1 as a decimal represents 1 tenth. In money it represents 1 ten (of a different unit), or 1 dime. 
Enduring Understandings:  Enduring understandings go beyond discrete facts or skills.  They focus on larger concepts, principles, or processes.  They are transferable and apply to new situations within or beyond the subject.  
	
· Fractions are numbers.
· Fractions are an important part of our number system.
· Fractions are an integral part of our daily life and an important tool in solving problems.
· Fractions can be used to represent numbers equal to, less than, or greater than 1.
· Fractional parts are relative to the size of the whole or the size of the set.
· There is an infinite number of ways to use fractions to represent a given value.
· A fraction describes the division of a whole (region, set, segment) into equal parts. When dividing whole units to into equal parts, some part of the whole must be given to each sharer. 
· The more fractional parts used to make a whole, the smaller the parts.  
· There is no least or greatest fraction on the number line.
· Decimals are an integral part of our daily life and an important tool in solving problems.
· Decimals are an important part of our number system.
· Decimals provide an easy method for computing or comparing fractions.
· Decimals are used to represent money, measurements, etc. 
· Decimal numbers are another way of writing fractions. It is important to understand the relationship between the two systems.


Essential Questions:  A question is essential when it stimulates multi-layered inquiry, provokes deep thought and lively discussion, requires students to consider alternatives and justify their reasoning, encourages re-thinking of big ideas, makes meaningful connections with prior learning, and provides students with opportunities to apply problem-solving skills to authentic situations.

· What is a fraction?
· How are fractions related to whole numbers?
· Why is the unit fraction an essential concept in understanding fractions in general?
· How can I use what I know about whole numbers to help me better understand fractions of a whole?
· Why is it important to understand and be able to use equivalent fractions in mathematics or real life?
· How are equivalent fractions generated?
· How will my understanding of whole number factors help me understand and communicate equivalent fractions?
· How are different fractions compared?
· How can I represent fractions in multiple ways?
· Why is it important to compare fractions as representations of equal parts of a whole or of a set?
· If you have two fractions, how do you know which is greater or has more value?
· How does the size of the whole or set impact the relative value of the fraction named?
· Is   of a large pizza necessarily smaller than   of a small pizza?  How do you know?
· How can I collect and compare data using fractions?
· How do I add and subtract fractions and mixed numbers using visual representations? 
· How will my understanding of whole numbers and fractions help me understand and use decimals when solving problems?
· How can we use decimals to compare and compute fractional values?
· How does my understanding of whole number operations help me develop my understanding of decimal operations?








Content Emphasis by Cluster in Grade 3:  According to the Partnership for the Assessment of Readiness for College and Careers (PARCC), some clusters require greater emphasis than others.  The chart below shows PARCC’s relative emphasis for each cluster.  Prioritization does not imply neglect or exclusion of material.  Clear priorities are intended to ensure that the relative importance of content is properly attended to.  Note that the prioritization is in terms of cluster headings.

	         Key:  
· Major Clusters
· Supporting Clusters
· Additional Clusters

	Operations and Algebraic Thinking

· Represent and solve problems involving multiplication and division.
· Understand the properties of multiplication and the relationship between multiplication and division.
· Multiply and divide within 100.
· Solve problems involving the four operations, and identify and explain patterns in arithmetic.

	Number and operations in Base Ten

· Use place value understanding and properties of operations to perform multi-digit arithmetic.

	Number and Operations – Fractions

· Develop understanding of fractions as numbers.

	Measurement and Data

· Solve problems involving measurement and estimation of intervals of time, liquid volumes, and masses of objects.
· Represent and interpret data.
· Geometric measurement:  understand concepts of area and relate area to multiplication and addition.
· Geometric measurement:  recognize perimeter as an attribute of plane figures and distinguish between linear and area measures.

	Geometry

· Reason with shapes and their attributes.



Content Emphasis by Cluster in Grade 4:  According to the Partnership for the Assessment of Readiness for College and Careers (PARCC), some clusters require greater emphasis than others.  The table below shows PARCC’s relative emphasis for each cluster.  Prioritization does not imply neglect or exclusion of material.  Clear priorities are intended to ensure that the relative importance of content is properly attended to.  Note that the prioritization is in terms of cluster headings.
	                  Key:  
· Major Clusters
· Supporting Clusters
· Additional Clusters

	Operations and Algebraic Thinking

· Use the four operations with whole numbers to solve problems.
· Gain familiarity with factors and multiples.
· Generate and analyze patterns.

	Number and operations in Base Ten

· Generalize place value understanding for multi-digit whole numbers.
· Use place value understanding and properties of operations to perform multi-digit arithmetic.

	Number and Operations – Fractions

· Extend understanding of fraction equivalence and ordering.
· Build fractions from unit fractions by applying and extending previous understandings of operations on whole numbers.
· Understand decimal notation for fractions, and compare decimal fractions.

	


Measurement and Data

· Solve problems involving measurement and conversion of measurements from a larger unit to a smaller unit.
· Represent and interpret data.
· Geometric measurement:  understand concepts of angle and measure angles.

Geometry

· Draw and identify lines and angles, and classify shapes by properties of their lines and angles.



Focus Standards:   (Listed as Examples of Opportunities for In-Depth Focus in the PARCC Content Framework document):
According to the Partnership for the Assessment of Readiness for College and Careers (PARCC), this component highlights some individual standards that play an important role in the content of this unit.  Educators should to give the indicated mathematics an especially in-depth treatment, as measured for example by the number of days; the quality of classroom activities for exploration and reasoning; the amount of student practice; and the rigor of expectations for depth of understanding or mastery of skills. 

· 3.OA.C.7  Finding single-digit products and related quotients is a required fluency for grade 3.  Reaching fluency will take much of the year for many students.  These skills and the understandings that support them are crucial; students will rely on them for years to come as they learn to multiply and divide with multi-digit numbers and to add, subtract, multiply, and divide with fractions.  After multiplication and division situations have been established, reasoning about patterns in products (e.g., products involving factors of 5 and 9) can help students remember particular products and quotients.  Practice – and if necessary, extra support – should continue all year for those who need it to attain fluency.

· 3.MD.A.2  Continuous measurement quantities such as liquid volume, mass, and so on are an important context for fraction arithmetic (cf. 4.NF.4c, 5.NF.7c, 5.NF.3).  In grade 3, students begin to get a feel for continuous measurement quantities and solve whole-number problems involving such quantities.

· 4.NF.1  Extending fraction equivalence to the general case is necessary to extend arithmetic from whole numbers to fractions and decimals.


Possible Student Outcomes:  The following list provides outcomes that describe the knowledge and skills that students should understand and be able to do when the unit is completed. The outcomes are often components of more broadly-worded standards and sometimes address knowledge and skills necessarily related to the standards. The lists of outcomes are not exhaustive, and the outcomes should not supplant the standards themselves.  Rather, they are designed to help teachers “drill down” from the standards and augment as necessary, providing added focus and clarity for lesson planning purposes. This list is not intended to imply any particular scope or sequence.

The students will: 

· Identify fractions using area, length, and set models. 
· Explore recognizing and generating simple equivalent fractions.
· Create a design that shows specified fractional parts.
· Determine the benchmark units needed on a number line based on data collected with peers.
· Extend their understanding of fraction equivalence and ordering. 
· Develop conceptual understanding for adding and subtracting fractions.
· Use their understanding of fractions to measure time and distance on a number line.
· Complete various components of a PBL Unit Performance task which allows them to apply their understanding of fractions and decimals (See below).


Unit PBL Performance Task
Students will apply what they have learned about fractions as numbers to plan a school-wide field day. Below is a list of five components of the Unit Performance Task that students will be expected to complete at the end of the Unit:
 
· Design flags
· Plan a schedule for the day’s activities
· Partition the playing fields into designated areas
· Provide a map of the areas
· Design the ribbons for gold, silver, and bronze medalists.

Students will present their proposals to an authentic audience for consideration of field day plans, which may include administrators, physical education teachers, math and resource teachers, and a PTA representative.


Progressions from Common Core State Standards in Mathematics:  For an in-depth discussion of the overarching, “big picture” perspective on student learning of content related to this unit, see:
	
	The Common Core Standards Writing Team (12 August 2011).  Progressions for the Common Core State Standards in Mathematics (draft), accessed at: http://commoncoretools.files.wordpress.com/2011/08/ccss_progression_nf_35_2011_08_12.pdf

Vertical Alignment:  Vertical curriculum alignment provides two pieces of information:  (1) a description of prior learning that should support the learning of the concepts in this unit, and (2) a description of how the concepts studied in this unit will support the learning of additional mathematics.

Key Advances from Previous Grades:  

Students in Grade 2:
· partition circles and squares into two, three, and four equal shares, describing the shares using the words halves, thirds, half of, a third of, etc., and describe the whole as two halves, three thirds, fouand fourths
· recognize that equal shares of identical wholes need not have the same shap

Additional Mathematics:  

Students in Grade 4:
· explain why a fraction a/b is equivalent to a fraction (n x a) (n x b) by using visual fraction models, with attention to how the number and size of the parts differ even though the two fractions themselves are the same size; use this principle to recognize and generate equivalent fractions
· compare fractions with unlike numerators and unlike denominators by creating common denominators or numerators ,or by comparing to a benchmark fractions such as ½
· build fractions from unit fractions by applying and extending previous understandings of operations on whole numbers
· understand decimal notation for fractions, and compare decimal fractions 


Students in Grade 5 and beyond: 
· use equivalent fractions as a strategy to add and subtract fractions 
· apply and extend previous understandings of multiplication and division to multiply and divide fractions
· use an understanding of fractions to help prepare the way for work with the rational number system in grades 6 and 7.


Possible Organization of Unit Standards:  This table identifies additional grade-level standards within a given cluster that support the over-arching unit standards from within the same cluster.  The table also provides instructional connections to grade-level standards from outside the cluster.


	Priority Standards within the Cluster
	Supporting Standards 
within the Cluster
	Instructional Connections 
outside the Cluster

	3.NF.1 Understanding decimals as numbers
	3.NF.1 Understand a fraction 1/b as the quantity formed by one part when a whole is partitioned into b equal parts.
	

	3.NF.2 Understand a fraction as a number on the number line; represent fractions on a number line diagram.
	3.NF.2a Represent a fraction 1/b on a number line diagram by the interval from 0 to 1 as the whole and partitioning it into b equal parts.
3.NF.2b Represent a fraction a/b on a a number line by marking off a lengths of 1/b from 0. Recognize that the resulting interval has size a/b and that its endpoint locates the number a/b on the number line.
	


	3.NF.3 Explain equivalence of fractions, and compare fractions by reasoning about their size.










4.NF.1-2 Extend understanding of fraction equivalence and ordering.









4.NF.3 Build fractions from unit fractions by applying and extending previous understandings of operations with whole numbers.












4.NF.5 Express a fraction with denominator 10 as an equivalent fraction with denominator 100, and use this technique to add two fractions with respective denominators 10 and 100. For example, express 3/10 as 30/100, and add 3/10+4100=34/100.

4.NF.6 Use decimal notation for fractions with denominators 10 or 100. For example, rewrite .62 as 62/100, describe a length as .62 meters, locate .62 on a number line diagram.

4.NF.7 Compare two decimals to hundredths by reasoning about their size. Recognize that comparisons are valid only when the two decimals refer to the same whole. Record the results of comparisons with the symbols >, =, or <, and justify the conclusions.
	
3.NF.3a Represent two fractions as equivalent if they are the same size, or the same point on a number line.
3.NF.3b Recognize and generate simple equivalent fractions. Explain why the fractions are equivalent.
3.NF.3c Express whole numbers as fractions, and recognize fractions that are equivalent to whole numbers.
3.NF.3d Compare two fractions with the same numerator or same denominator by reasoning about their size. Recognize that comparisons are valid only when the two fractions refer to the same whole.

4.NF.1 Explain why a fraction is equivalent to a fraction by using visual fraction models, with attention to how the number and size of the parts differ even though the two fractions are the same size.
4.NF.2 Compare two fractions with different numerators and different denominators by creating common denominators or comparing to a benchmark fraction. Recognize that comparisons are valid only when compared to the same whole. Justify by using a visual fraction model.

4.NF.3a Understand addition and subtraction of fractions as joining and separating parts referring to the same whole.
4.NF.3b Decompose a fraction into a sum of fractions with the same denominator in more than one way, recording each decomposition as an equation.
4.NF.3c Add and subtract mixed numbers with like denominators, by replacing each mixed number with an equivalent fraction, or by using the relationship between addition and subtraction.
4.NF.3d Solve word problems involving addition and subtraction of fractions referring to the same whole and having like denominators by using visual fraction models and equations to represent the problem. 

	
3.MD.1 Tell and write time to the nearest minute and measure time in intervals of minutes. Solve word problems involving time intervals in minutes by representing the problem on a number line diagram.
3.MD.4 Generate measurement data by measuring lengths using rulers marked with halves and fourths of an inch.



	


Connections to the Standards for Mathematical Practice:  The statements provided offer a few examples of connections between the Standards for Mathematical Practice and the Content Standards of this unit. The list is not exhaustive and will hopefully prompt further reflection and discussion.
In this unit, educators should consider implementing learning experiences which provide opportunities for students to:

1. Make sense of problems and persevere in solving them.
· Determine what the problem is asking for:  unit fraction, value of a fraction or decimal, placement of a fraction or decimal on a number line, or equivalent fractions. 
· Determine whether concrete or virtual fraction models, pictures, or equations are the best tools for solving the problem.
· Check the solution with the problem to verify that it does answer the question asked.

2. Reason abstractly and quantitatively
· Use the unit fraction to build larger fractions required by the problem.
· Compare the fractional parts within the problem using concrete or virtual fraction models.
· Relate the fraction number line to the whole number line to justify thinking.

3. Construct Viable Arguments and critique the reasoning of others.
· Compare the fraction models used by others with yours.
· Examine the steps taken that produce an incorrect response and provide a viable argument as to why the process produced an incorrect response.

4. Model with Mathematics
· Construct visual fraction models using concrete or virtual fraction manipulatives, pictures, or equations to justify thinking and display the solution.


5. Use appropriate tools strategically
· Use fraction bars, pattern blocks, fraction number lines, Cuisenaire Rods, or other fraction models, as appropriate.
· Use the calculator to verify computation.

6. Attend to precision
· Use mathematics vocabulary such as unit fraction, numerator, denominator, equivalent etc. properly when discussing problems.
· Demonstrate their understanding of the mathematical processes required to solve a problem by carefully showing all of the steps in the solving process.
· Correctly write and read fraction.
· Accurately place fractions on a number line.
· Design a flag that has equivalent fractions as well as fractions of a set, and show this on a number line.

7. Look for and make use of structure.
· Make observations about the relative size of fractions.
· Explain the structure of the fraction number line and how it is similar to the whole number line.

8. Look for and express regularity in reasoning
· Model that when counting fractions, the numerator increases while the denominator stays the same.
· Use models to demonstrate why a unit fraction with a larger denominator is actually smaller than a unit fraction with a smaller denominator.


Content Standards with Essential Skills and Knowledge Statements and Clarifications for Grade 3:  The Content Standards and Essential Skills and Knowledge statements shown in this section come directly from the Maryland State Common Core Curriculum Frameworks. Clarifications were added as needed. Educators should be cautioned against perceiving this as a checklist.  All information added is intended to help the reader gain a better understanding of the standards.





	Standard
	Essential Skills and Knowledge
	Clarification

	3.NF.A.1:   Understand a fraction 1/b as the quantity formed by 1 part when a whole is partitioned into b equal parts; understand a fraction a/b as the quantity formed by a parts of size 1/b. 

	· Knowledge of the relationship between the number of equal shares and the size of the share (1.G.3)

· Knowledge of equal shares of circles and rectangles divided into or partitioned into halves, thirds, and fourths  (2.G.3)

· Knowledge that, for example, the fraction   is formed by 1 part of a whole which is divided into 4 equal parts 

· Knowledge that, for example, the fraction    is the same as    +    +    (3 parts of the whole when divided into fourths) 

· Knowledge of the terms numerator (the number of parts being counted) and denominator (the total number of equal parts in the whole) 

· Knowledge of and ability to explain and write fractions that represent one whole (e.g.,   , ) 

· Ability to identify and create fractions of a region and of a set, including the use of concrete materials 

· Knowledge of the size or quantity of the original whole when working with fractional parts 

	3.NF1: Examples of multiple representations of fractions:

		


















          








 (
What fraction of the marbles in the bag are striped?
)








		




Some important concepts related to developing understanding of fractions include:
· Understand fractional parts must be equal-sized
Example               Non-example
                    
                 These are thirds     These are NOT thirds
· The number of equal parts tell how many make a whole
· As the number of equal pieces in the whole increases, the size of the fractional pieces decreases
· The size of the fractional part is relative to the whole
· The number of children in one-half of a classroom is different than the number of children in one-half of a school. (the whole in each set is different therefore the half in each set will be different)
· When a whole is cut into equal parts, the denominator represents the number of equal parts that make up the whole
· The numerator of a fraction is the count of the number of equal parts being displayed or discussed
·   means that there are 3 one-fourths 
· Students can count one fourth, two fourths, three fourths

Students express fractions as fair sharing, parts of a whole, and parts of a set. They use various contexts (candy bars, fruit, and cakes) and a variety of models (circles, squares, rectangles, fraction bars, and number lines) to develop understanding of fractions and represent fractions. Students need many opportunities to solve word problems that require fair sharing. 


To develop understanding of fair shares, students first participate in situations where the number of objects is greater than the number of children and then progress into situations where the number of objects is less than the number of children.

Examples: 
· Four children share six brownies so that each child receives a fair share. How many brownies will each child receive? 
· Six children share four brownies so that each child receives a fair share. What portion of each brownie will each child receive?
· What fraction of the rectangle built with tiles is red? How might you build the rectangle in another way but with the same fraction red?  How might you build another shape with the same fraction represented?







 (
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What fraction of the set is black?
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	3.NF.A.2:   Understand a fraction as a number on the number line; represent fractions on a number line diagram. 

	· Ability to apply knowledge of whole numbers on a number line to the understanding of fractions on a number line

· Ability to apply knowledge of unit fractions to represent and compute fractions on a number line 

· •Knowledge of the relationship between fractions and division. (Division separates a quantity into equal parts. Fractions divide a region or a set into equal parts) 

· Ability to use linear models (e.g., equivalency table and manipulatives such as fraction strips, fraction towers, Cuisenaire rods) for fraction placement on a number line 

· Knowledge of the relationship between the use of a ruler in measurement to the use of a ruler as a number line 

· Knowledge that a number line does NOT have to start at zero 

· Ability to identify fractions on a number line with tick marks as well as on number lines without tick marks 

	Students transfer their understanding of parts of a whole to partition a number line into equal parts. There are two new concepts addressed in this standard which students should have time to develop.

1. On a number line from 0 to 1, students can partition (divide) it into equal parts (units) and recognize that each segmented part represents the same length or one unit.

                 

2. Students label each fractional part based on how far it is from zero to the endpoint. 

                   


An interactive whiteboard may be used to help students develop these concepts.

	3.NF.A.2a:  Represent a fraction 1/b on a number line diagram by defining the interval from 0 to 1 as the whole and partitioning it into b equal parts. Recognize that each part has size 1/b and that the endpoint of the part based at 0 locates the number 1/b on the number line.
	· Knowledge of the meaning of the parts of a fraction 
(numerator and denominator) 

· Knowledge of fraction  as the unit fraction of the whole 

· Knowledge that when the denominator is 4, each space (unit)  between the tick marks on a number line is    

	

	3.NF.A.2b:  Represent a fraction a/b on a number line diagram by marking off a lengths of 1/b from 0. Recognize that the resulting interval has size a/b and that its endpoint locates the number a/b on the number line. 

	· Knowledge that when counting parts of a whole, the numerator consecutively changes but the denominator stays the same. (Example: ,  ,  ,   or 1) 

· Ability to explain, for example, that when a  is 2 and b is 4, the fraction  is represented on a number line at the second tick mark from zero or when a is 3 and b is 4, the fraction  is represented on a number line at the third tick mark from zero. 

	

	3.NF.A.3:  Explain equivalence of fractions in special cases, and compare fractions by reasoning about their size. 

	· Ability to use concrete manipulatives and visual models to explain reasoning about fractions 

· Knowledge that equivalent fractions are ways of describing the same amount by using different-sized fractional parts. (e.g.,   is the same as   or   or ) 

· Ability to use a variety of models when investigating equivalent fractions (e.g., number line, Cuisenaire rods, fraction towers, fraction circles, equivalence table, fraction strips) 

· Ability to relate equivalency to fractions of a region or fractions of a set 

· Ability to use benchmarks of 0,    and 1 comparing fractions 

· Knowledge of and experience with fractional number sense to lay foundation for manipulating, comparing, finding equivalent fractions, etc. 

	

An important concept when comparing fractions is to look at the size of the parts and the number of the parts. For example,  is smaller than because when 1 whole is cut into 8 pieces, the pieces are much smaller than when 1 whole is cut into 2 pieces.

Students recognize when examining fractions with common denominators, the wholes have been divided into the same number of equal parts. So the fraction with the larger numerator has the larger number of equal parts.


 (
<
)          

To compare fractions that have the same numerator but different denominators, students understand that each fraction has the same number of equal parts but the size of the parts are different. They can infer that the same number of smaller pieces is less than the same number of bigger pieces.


 (
<
)          

	3.NF.A.3a:  Represent two fractions as equivalent (equal) if they are the same size, or the same point on the number line. 


	· Ability to describe the same amount by using different-sized fractional parts. (e.g.,   is the same as   or   or )  

· Ability to use number lines as well as fractions of a set or fractions of a region to model equivalent fractions 

· Ability to use a variety of models to investigate relationships of equivalency 

	

	3.NF.A.3b:  Recognize and generate simple equivalent fractions, e.g., ½ = 2/4, 4/6 = 2/3). Explain why the fractions are equivalent, e.g., by using a visual fraction model. 

	· Ability to describe the same amount by using different-sized fractional parts. (e.g.,   is the same as   or   or ) 

· Ability to use fraction models (e.g., fraction towers, fraction strips) to justify understanding of equivalent fractions 

	

	3.NF.A.3c:  Express whole numbers as fractions, and recognize fractions that are equivalent to whole numbers. Examples: Express 3 in the form 3 = 3/1; recognize that 6/1 = 6; locate 4/4 and 1 at the same point of a number line diagram.
	· Knowledge of the denominator as the number of parts that a whole is divided into in order to explain why a denominator of 1 indicates whole 

· Knowledge that a fraction in which the numerator is equal to or larger than the denominator is labeled an improper fraction, but is still a correct representation of the value being stated.  

· Knowledge that when appropriate, an improper fraction can be renamed as a mixed number.

	

	3.NF.A.3d: Compare two fractions with the same numerator or the same denominator by reasoning about their size. Recognize that comparisons are valid only when the two fractions refer to the same whole. Record the results of comparisons with the symbols >, =, or <, and justify the conclusions, e.g., by using a visual fraction model. 

	· Ability to use benchmarks of 0, ½ and 1 to explain relative value of fractions 

· Knowledge that as the denominator increases the size of the part decreases 

· Knowledge that when comparing fractions the whole must be the same 

· Ability to use a variety of models when comparing fractions (e.g., number line, equivalence table, and manipulatives such as Cuisenaire rods, fraction towers, fraction circles, fraction strips) 

	




Content Standards with Essential Skills and Knowledge Statements and Clarifications:  The Content Standards and Essential Skills and Knowledge statements shown in this section come directly from the Maryland State Common Core Curriculum Frameworks. Clarifications were added as needed. Educators should be cautioned against perceiving this as a checklist.  All information added is intended to help the reader gain a better understanding of the standards.

	Standard
	Essential Skills and Knowledge
	Clarification

	4.NF.5:  Express a fraction with denominator 10 as an equivalent fraction with denominator 100, and use this technique to add two fractions with respective denominators 10 and 100.  For example, express 3/10 as 30/100, and add 3/10 + 4/100 = 34/100.

	·  Knowledge of this Standard provides a foundation for the relationship between fractions and decimals.




	Students can use decimal blocks, Digi-Blocks, money, graph paper, and other place value models to explore the relationship between fractions with denominators of 10 and 100.

Students begin to make connections to the place value chart as shown in the Clarification of 4.NF.6 below.

This work in fourth grade lays the foundation for performing operations with decimal numbers in fifth grade.



	4.NF.6:  Use decimal notation for fractions with denominators 10 and 100.  For example, rewrite 0.62 as 62/100; describe a length as 0.62 meters; locate 0.62 on a number line diagram.

	· See the skills and knowledge that are stated in the Standard.

	Students make connections between fractions with denominators of 10 and 100 and the place value chart. By reading fraction names, students say  as thirty-two hundredths and rewrite it as 0.32 or represent it on a place value model as shown below. 

	Hundreds
	Tens
	Ones
	
	Tenths
	Hundredths

	
	
	
	
	3
	2



Students use the representations explored in 4.NF.5 to understand that  can be expanded to  and . 

Students represent values such as 0.32 or  on a number line.  is more than  (or ) and less than  (or ). It is closer to  so it would be placed on the number line near that value.
 (
0.5
0.8
0.1
0
0
.2
0
.3
0
.4
0
.6
0
.7
0
.9
1.0
0
.32
)





	4.NF.7:  Compare two decimals to hundredths by reasoning about their size.  Recognize that comparisons are valid only when the two decimals refer to the same whole.  Record the results of comparisons with the symbols >, =, <, and justify the conclusions, e.g., by using a visual model.

	· Ability to apply knowledge of place value as a strategy to compare decimals 

	Students build area and other models to compare decimals. Through these experiences and their work with fraction models, they build the understanding that comparisons between decimals or fractions are only valid when the whole is the same for both cases. Each of the models below shows 3/10 but the whole on the right is much bigger than the whole on the left. They are both  but the model on the right shows a much larger quantity than the model on the left.




When the wholes are the same, the decimals or fractions can be compared. 

Example: Draw a model to show that 0.3 < 0.5. (Students would sketch two models of approximately the same size to show the area that represents three-tenths is smaller than the area that represents five-tenths.








	4.NF.A.2: Compare two fractions with different numerators and different denominators, e.g., by creating common denominators or numerators, or by comparing to a benchmark fraction such as ½. Recognize that comparisons are valid only when the two fractions refer to the same whole. Record the results of comparisons with symbols >, =, <, and justify the conclusions, e.g., by using a visual fraction model. 

	
Ability to apply knowledge of factors (4.OA.B.4) to the strategies used to determine equivalent fractions as well as ordering fractions 

• Ability to apply reasoning such as 𝟓𝟐𝟎 < 𝟏𝟐 because 5 is not half of 20 

• Ability to compare unlike fractions as stated in this Standard lays the foundation for knowledge of strategies such as finding the Least Common 
Multiple or the Greatest Common Factor 
 

	Benchmark fractions include common fractions between 0 and 1 such as halves, thirds, fourths, and hundredths. 
Fractions can be compared using benchmarks, common denominators, or common numerators. Symbols used to describe comparisons include <, >, =. 
Fractions may be compared using one half as a benchmark. 





	4.NF.B.3a-d: 
4.NF.3. Understand a fraction a/b with a > 1 as a sum of fractions 1/b.
0. Understand addition and subtraction of fractions as joining and separating parts referring to the same whole.
0. Decompose a fraction into a sum of fractions with the same denominator in more than one way, recording each decomposition by an equation. Justify decompositions, e.g., by using a visual fraction model. 
Examples: 3/8=1/8+1/8+1/8 ; 3/8=1/8+2/8; 2 1/8=1 + 1+1/8=8/8+8/8 +1/8.
0. Add and subtract mixed numbers with like denominators, e.g., by replacing each mixed number with an equivalent fraction, and/or by using properties of operations and the relationship between addition and subtraction.
0. Solve word problems involving addition and subtraction of fractions referring to the same whole and having like denominators, e.g., by using visual fraction models and equations to represent the problem. 


	
Ability to use concrete and/or pictorial tools to add and subtract fractions with like denominators 
• Knowledge that the numerator tells how many parts of the whole we are counting and the denominator tells how many total parts there are in all 
• Knowledge that when counting parts of a whole, the numerator consecutively changes, the denominator stays the same.  


Ability to represent a whole number as a fraction (e.g.: 1 = 𝟕𝟕, 𝟖𝟖, etc.) 
• Ability to decompose fractions greater than one into whole numbers and fractional parts (3NF3c) 


Ability to change a mixed number into an improper fraction 
• Ability to add mixed numbers using a strategy such as adding fractions together and then adding the whole numbers together 
• Ability to subtract mixed numbers using a strategy such as replacing each mixed number with an equivalent fraction and then subtracting 


Ability to apply the understanding that the numerator tells us how many parts of the whole we are counting and the denominator tells us how many total parts there are 


	A fraction with a numerator of one is called a unit fraction. When students investigate fractions other than unit fractions, such as 2/3, they should be able to decompose the non-unit fraction into a combination of several unit fractions. 

Example: 2/3 = 1/3 + 1/3
Being able to visualize this decomposition into unit fractions helps students when adding or subtracting fractions. Students need multiple opportunities to work with mixed numbers and be able to decompose them in more than one way. Students may use visual models to help develop this understanding. 

Example: 
· 1 ¼ - ¾ =      

4/4 + ¼ = 5/4 

5/4 – ¾ = 2/4 or ½ 

Example of word problem:
· Mary and Lacey decide to share a pizza. Mary ate 3/6 and Lacey ate 2/6 of the pizza. How much of the pizza did the girls eat together?

Solution: The amount of pizza Mary ate can be thought of a 3/6 or 1/6 and 1/6 and 1/6. The amount of pizza Lacey ate can be thought of a 1/6 and 1/6. The total amount of pizza they ate is 1/6 + 1/6 + 1/6 + 1/6 + 1/6 or 5/6 of the whole pizza.

A separate algorithm for mixed numbers in addition and subtraction is not necessary. Students will tend to add or subtract the whole numbers first and then work with the fractions using the same strategies they have applied to problems that contained only fractions. 
Example:
· Susan and Maria need 8 3/8 feet of ribbon to package gift baskets. Susan has 3 1/8 feet of ribbon and Maria has 5 3/8 feet of ribbon. How much ribbon do they have altogether? Will it be enough to complete the project? Explain why or why not.

The student thinks: I can add the ribbon Susan has to the ribbon Maria has to find out how much ribbon they have altogether. Susan has 3 1/8 feet of ribbon and Maria has 5 3/8 feet of ribbon. I can write this as 3 1/8 + 5 3/8.  I know they have 8 feet of ribbon by adding the 3 and 5. They also have 1/8 and 3/8 which makes a total of 4/8 more. Altogether they have 8 4/8 feet of ribbon. 8 4/8 is larger than 8 3/8 so they will have enough ribbon to complete the project. They will even have a little extra ribbon left, 1/8 foot.







Fluency Expectations and Examples of Culminating Standards:  The Partnership for the Assessment of Readiness for College and Careers (PARCC) has listed the following as areas where students should be fluent.

· No Fluency Recommendations are included in Grades 3  or 4 related to fractions. 
· Fluency Recommendations for Grade 3 are:
· Multiply and divide within 100
· Add and subtract within 1,000
· Fluency Recommendation for Grade 4 is: Add and subtract multi-digit whole numbers using the standards algorithm. 

Common Misconceptions:  This list includes general misunderstandings and issues that frequently hinder student mastery of concepts regarding the content of this unit.

· Possessing previous learning of the process of the algorithm and computation of fractions without the conceptual understanding. 
· Displaying the ability to mentally compute fractions but be unable to represent the thought process. 
· Thinking that the larger the numerator, the larger the value of the fraction.
· Believing that when comparing fractions, the larger the denominator, the smaller the fractions – which is not always true…for example:  
· When shown    and   , a student who only looks at the denominator would say that  is the smallest fraction.  
· However, when comparing each to the benchmark fraction  , they realize that   is, in fact, the largest fraction and  is the smallest.
· Interpreting one-half of a medium pizza as being equal to one-half of a large pizza.
· Adding  two fractions by first adding the numerators and then adding the denominators, mistakenly using the operations rules for whole numbers to compute with fractions. 
· Being unable to explore fractions across the three categories of models (set, area, and length). 
· Having difficulty with positioning fractions on the number line; they may not recognize that each number on a line designates the distance of the identified point from zero, not the point itself.
· Believing that when partitioning a whole into shares, they do not have to be equal. For example, the student identifies a fourth as one of four parts, rather than one of four equal parts.  
· Thinking all objects in a set have to be the same.  
· Assuming that the longer the decimal, the greater the value, so thinking 2.146 would be greater than 2.4.
· Understanding that the shorter the decimal, the greater the value, so 6.31 would be greater than 6.482.
· Claiming that a decimal beginning with zero is equal to zero no matter what follows, so 0.578 equals 0.
· Stating that the decimal portion of a number is simply the denominator, so 1.12 would be , not one and twelve hundredths.
· Applying whole-number concepts to decimal fractions (ordering decimals by the number of digits rather than the value).
· Aligning digits rather than decimal points when adding and subtracting.
· Believing that decimals and fractions are two different concepts and are unrelated. 


Interdisciplinary Connections:
· Literacy
· STEM
· Other Contents: This section is compiled directly from the Framework documents for each grade/course.  The information focuses on the Essential Skills and Knowledge related to standards in each unit, and provides additional clarification, as needed. 





	Available Model Lesson Plan(s)

	Standards Addressed
	Title
	Description/Suggested Use

	3.NF.A.1-2 and 3.NF.B.3a-b.
	Lesson Plan 1.  Develop Understanding of Fractions as Numbers
	Students will identify fractions using area, length, and set models, explore recognizing and generating simple equivalent fractions, and create a design that shows specified fractional parts.

	Grades 3 and 4 Lesson Plans can be found on the MSDE Learning Management System (LMS)
	MSDE CCSS Model Lesson Plans for all Domains
https://msde.blackboard.com/webapps/portal/frameset.jsp

	Model Lesson Plans and Lesson Seeds can be adapted and used for the classroom. The activities can be adapted to meet the needs of your students. 



	
Available Lesson Seeds

	Standards Addressed
	Title
	Description/Suggested Use

	CCSS Math Practice.MP1. 
CCSS Math Practice.MP4.
	Lesson Seed 1. PBL Scenario 
	Students will be introduced to the Problem Based Learning (PBL) task to develop a plan for an Olympic Field Day.

	3.NF.A.2.a, 3.NF.A.2.b, 
3.MD.A.1

	Lesson Seed 2. Time and Distance on a Number Line
	Students use fractions to express time and distance on a number line, create a timeline of events and/or a diagram for a hurdle track for Olympic Field Day.

	3.NF.3,  4.NF.2, 4.NF.7
	Lesson Seed 3.  Silver and Gold
	Students determine benchmark units, play a game, compare and order two or more fractions, and create medals to be used in their Field Day Proposal.

	4.NF.C.5-7
	Lesson Seed 4.  The Gymnastics Task
	Students use decimal notation for fractions and compare decimal fractions.

	4.NF.B.3.a-d
	Lesson Seed 5.  Designing an Area for Field Day 
	Students will use knowledge of fraction addition and subtraction, including adding and subtracting mixed numbers with like and unlike denominators to design the area in which the activities will be played for field day. They will submit this design for proposal.

	Grades 3 and 4 Lesson Seeds  can be found on the MSDE Learning Management System (LMS)
	MSDE CCSS Model Lesson Seeds for all Domains
https://msde.blackboard.com/webapps/portal/frameset.jsp

	Model Lesson Plans and Lesson Seeds can be adapted and used for the classroom. The activities can be adapted to meet the needs of your students. 











Vocabulary/Terminology/Concepts:  This section of the Unit Plan is divided into two parts.  Part I contains vocabulary and terminology from standards that comprise the cluster which is the focus of this unit plan.  Part II contains vocabulary and terminology from standards outside of the focus cluster.  These “outside standards” provide important instructional connections to the focus cluster.

whole:  In fractions, the whole refers to the entire region, set, or line segment which is divided into equal parts or segments.
numerator:  the number above the line in a fraction; names the number of equal parts of the whole being referenced.
Example:   I ate 3 pieces of a pie that had 5 pieces in all.  So 3 out of 5 parts of a whole is written:    
	The 3 is the numerator, the part I ate.  The 5 is the denominator, or the total number of equal pieces in the pie.
denominator:  the number below the line in a fraction; states the total number of equal parts in the whole.  
Example:   I ate 3 pieces of a pie that had 5 pieces in all.  So 3 out of 5 equal parts of a whole is written:    
	The 3 is the numerator, the part I ate.  The 5 is the denominator, or the total number of equal pieces in the pie.

fraction of a region:  is a number which names a part of a whole area.
	Example:  					



Shaded area represents  or  of the region.

fraction of a set:  is a number that names a part of a set. 
	Example:  

                                                                                         

                    The fraction that names the striped circles in the set is.

unit fraction:  a fraction with a numerator of one.  Examples:  


linear models: used to perform operations with fractions and identify their placement on a number line.  Some examples are fraction strips, fraction towers, Cuisenaire rods, number line and equivalency tables.

 (
Cuisenaire Rods
)


 (
0
1
)
  	             
benchmark fraction:  fractions that are commonly used for estimation or for comparing other fractions.  Example:  Is  greater or less than ?

equivalent fractions:  different fractions that name the same part of a region, part of a set, or part of a line segment.
		
			
 
 (
=
)	                                               
improper fraction:  a fraction in which the numerator is greater than or equal to the denominator.
mixed number:  a number that has a whole number and a fraction.
decimal:  a fraction with an unwritten denominator of 10 or some power of 10, indicated by a point (.) before the numerator.

Resources:
	
  Free Online Resources: 
· http://illuminations.nctm.org/ActivityDetail.aspx?ID=80 – (Equivalent Fractions activity on Illuminations website)
· http://illuminations.nctm.org/ActivityDetail.aspx?ID=18 (Equivalent Fractions game on Illuminations website)
· http://www.superteacherworksheets.com/fraction-cont.html (Fraction activity)
· http://www.dositey.com/2008/math/mistery2.html#s (Fractions Mystery Picture game)
· http://exchange.smarttech.com/search.html?q=fractions (SMART board fractions activities)
· http://www.mathsisfun.com/equivalent_fractions.html   (Interactive equivalent fractions activities) 
· http://mathwire.com/  (Resources across the content areas)
· http://www.dreambox.com/ (Interactive fraction activities)
· http://wps.ablongman.com/ab_vandewalle_math_6/0,12312,3547876-,00.html (free reproducible blackline masters)
· http://pbskids.org/cyberchase/math-games/thirteen-ways-looking-half/ (Thirteen ways of looking at one half)
· http://www.eastsideliteracy.org/tutorsupport/documents/HO_Fractions.pdf (Reproducible of a fraction kit)
· http://www.proteacher.org/a/132485_Fraction_Kit.html (Games that can be played with a fraction kit)
· http://www.sheppardsoftware.com/mathgames/fractions/memory_equivalent1.htm (Math games)
· http://nlvm.usu.edu/ (National Library of Virtual Manipulatives) http://nlvm.usu.edu/en/nav/topic_t_1.html  
· http://www.proteacher.org/a/132485_Fraction_Kit.html (Fraction kit)
· http://www.mathsolutions.com/index.cfm?page=wp9&crid=56  (free lesson plan ideas)
· http://www.bgfl.org/custom/resources_ftp/client_ftp/ks2/maths/fractions/index.htm (fraction games)
· http://teachertech.rice.edu/Participants/silha/Lessons/equivalent.html (fraction ideas using Cuisenaire rods)
· http://www.nctm.org/standards/content.aspx?id=26975 (Fraction Tracks) 
· http://connectedmath.msu.edu/CD/Grade6/FractionGame/index.html  (Fraction game)
· http://www.mathactivities.net/frogs.htm (Fractions of a set game)
· http://www.olympic.org/videos/london-2012 Inspirational video clips
· Make a Make a Flag Fraction: http://www.math10.com/en/math-games/games/fractions/games-make-the-flag.html 
· Fraction Models: http://illuminations.nctm.org/ActivityDetail.aspx?ID=11 
· Match a fraction on a number line http://www.mathsisfun.com/numbers/fractions-match-frac-line.html 
· Olympic symbols and background information available to share and discuss with students:    http://www.olympic.org/Documents/Reports/EN/en_report_1303.pdf 
· Inspirational video clips of the Olympics (video clips are each under 3:40 in length):   
http://www.olympic.org/videos/london-2012-the-highlights-in-pictures 
http://www.olympic.org/videos/swimming-review-in-pictures 
http://www.youtube.com/watch?v=tpWna2NC_94
               http://www.olympic.org/videos/gymnastics-review-in-pictures 
Related Literature: 
· Adler, David. Fraction Fun. 
Notes: Colorfully illustrated book with hands-on activities and easy to understand instructions that introduces fraction concepts.
· Bobrick, Benson. A Passion for Victory: The Story of the Olympics in Ancient and Early Modern Times. 
Notes: This text shares details of the captivating story of the Olympic Games, starting with their inception in Ancient Greece.
· Dodds, Dayle A. Full House: An Invitation to Fractions.
Notes: Guests at Miss Bloom’s inn share a cake.  
· Feinstein, John. Rush for the Gold: Mystery at the Olympics.
Notes: This mystery centers around the Olympic sport of swimming.
· Hurley, Michael. The World’s Greatest Olympians.
Notes: An interesting journey about great Olympians throughout history.
· Lacey, Minna and Mounter, Paddy. The Story of the Olympics.
Notes: From a festival in ancient Greece to a worldwide event today, the Olympics have inspired athletes and supporters alike. Find out how the biggest sports event in the world was born and discover the amazing heroes who made Olympic history.
Show more 
Show less 
· Leedy, Loreen. Fraction Action.
Notes: Characters in the story explore fractions with their teacher by finding examples in the world around them.
· Matthews, Louise. Gator Pie. 

Notes: Two alligators consider dividing their pie into halves, thirds, fourths, eights, and hundredths. 
· McCallum, Ann. Eat Your Math Homework. 

Notes: Connections to mathematics and cooking. 
· McMillan, B. Eating Fractions. 
Notes: Simple concepts of fractions and food are discussed.
· Murphy, S. Give Me Half!  (Mathstart Series)
Notes: Introduces the concept of halving.
· Murphy, Stuart. Jump, Kangaroo, Jump. (Mathstart Series)
Notes: Emphasizes the relationship between division and fractions.
· Oxlade, Chris, and Ballheimer, David. DK Eyewitness Books: Olympics.
Notes: Interesting facts about the history of the Olympics. 
· Pallotta, J. The Hershey’s Milk Chocolate Fractions Book. Scholastic, Inc. NY: 1999.
Notes: Uses the Hershey Bar sections to address fractional concepts.

  References: 
· 2000. Principles and Standards for School Mathematics. Reston, VA: National Council of Teachers of Mathematics. 

· 2006. Curriculum Focal Points for Prekindergarten Through Grade 8 Mathematics: A Quest for Coherence. Reston, VA: National Council of Teachers of Mathematics.

· Arizona Department of Education. “Arizona Academic content Standards.” Web. 28 June 2010  
 http://www.azed.gov/standards-practices/common-standards/ 

· Bamberger, H.J., Oberdorf, C., Schultz-Ferrell, K. (2010). Math Misconceptions: From Misunderstanding to Deep Understanding. 

· Bamberger, H.J., Oberdorf, C. (2010). Activities to Undo Math Misconceptions, Grades 3-5. Portsmouth, NH: Heinemann. 

· Barnett-Clarke, C., Fisher, W., Marks, R., Ross, S. ( 2010). Developing Essential Understanding of Rational Numbers, Grades 3-5. Reston, VA:  National Council of Teachers of Mathematics.

· Bauman, Keith and Sauer, Ron. Fractions: The Formative Years. The Waterloo County Board of Education. (1995).



· Burns, Marilyn. (2007 ) About Teaching Mathematics: A K-8 Resource. Sausalito, CA: Math Solutions Publications.

· Chapin, S. H., Johnson, A. (2000) Math Matters, Grades K-6: Understanding the Math You Teach. Sausalito, CA: Math Solutions Publications.

· Clark. Sarah. The Olympic Experience in Your School, Grades 4-6. Teacher Created Resources. (2004). 

· Dolan, D., Williamson, J. Muri, M. (2000) Mathematics Activities for Elementary School Teachers: A Problem-Solving Approach. Boston, MA: Addison Wesley. 

· The Common Core Standards Writing Team (12 August 2011).  Progressions for the Common Core State Standards in Mathematics (draft), accessed at: http://commoncoretools.files.wordpress.com/2011/08/ccss_progression_nf_35_2011_08_12.pdf  

· Van de Walle, J. A., Lovin, L. H., Karp, K. S., and Bay-Williams, J. M. (2014). Teaching Student-Centered Mathematics: Developmentally Appropriate Instruction for Grades 3-5, Volume II.  Boston, MASS: Pearson Education, Inc. 
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