	Background Information

	Content/Course

	Algebra II

	Unit

	Unit #1:  Polynomial, Rational and Radical Relationship

	Essential Questions/Enduring Understandings Addressed in the Lesson


	Essential Questions
· What characteristics of problems would determine how to model the situation and develop a problem solving strategy?
· What is the role of complex numbers in the equation solving process?

Enduring Understandings
· Rules of arithmetic and algebra can be used together with notions of equivalence to transform equations and inequalities. 
· For a given set of numbers there are relationships that are always true and these are the rules that govern arithmetic and algebra
· Similarities exist between base-ten computation and the arithmetic of polynomials 
· Similarities exist between the arithmetic of rational numbers and the arithmetic of rational expressions.





	Standards Addressed in This Lesson

	
N.CN.1 Know there is a complex number i such that i2 = −1, and every complex number has the form a + bi with a and b real.

N.CN.2 Use the relation i2 = –1 and the commutative, associative, and distributive properties to add, subtract, and multiply complex numbers.


	Lesson Title 
	Performing arithmetic operations with complex numbers


	Relevance/Connections

	How does this lesson connect to prior learning/future learning and/or other content areas?
This lesson connects to prior learning of:
· Rules of arithmetic
· Solving quadratic equations
· Students will extend their knowledge of the number systems to include non – real and complex numbers.

The main focus of this lesson is the introduction of imaginary and complex numbers and operations on those numbers.  This lesson should be motivated by the need to find solutions to quadratic equations with complex solutions.  It is suggested that you begin and end the lesson with a need to provide an answer to a problem such as “Solve.” The next logical lesson in the sequence would be solving quadratic equations which have complex solutions. 
Complex Numbers also relate to many science topics.  Consider working with science teachers in your school to determine if there is a natural connection to a science topic relevant to your students.  For example, complex numbers are used in the study of electricity and acoustics.  

	Student Outcomes 

	The student will:
· 

know that the  definition of the imaginary unit is and is used to express the square root of a negative number.
· 
write complex numbers in  form and identify the real and imaginary parts of the number.
· perform operations on complex numbers.
· simplify algebraic expressions that contain complex numbers.


	Summative Assessment
(Assessment of Learning) 

	What evidence of student learning would a student be expected to produce to demonstrate attainment of this outcome?
· Given an expression that contains imaginary numbers, students will simplify the expression using appropriate algebraic properties.
· Given an expressions in a + bi form, students will identify the real and imaginary part of the number.
· Given an expression in a +bi, students will express this expression in different forms.


	Prior Knowledge Needed to Support This Learning
(Vertical Alignment)
	
In Algebra I students solve quadratic equations in one variable (A.REI.4).  In Algebra II students need the ability to extend experiences with solving quadratic equations to finding complex number solutions to quadratic equations. (e.g. use solving  as a way to introduce complex numbers.) 

	Method for determining student readiness for the lesson

	How will evidence of student prior knowledge be determined?
· Pre-assessment/warm-up/drill including items assessing solving quadratic equations using multiple methods
· Pre-assessment of arithmetic operations with algebraic expressions
What will be done for students who are not ready for the lesson?
· Group students based upon prior knowledge and differentiate instruction based upon students’ needs.
· Consider use of the MSDE online Algebra/Data Analysis course Unit 3 Lesson 4 for students still struggling with simplifying algebraic expressions.
http://msde.mdk12online.org   
User Name :Algebra
Password: student


	Common Misconceptions

	

In Algebra I students misunderstood the nature of square roots, for example students do not understand that  is defined when.

When required to simplify mathematical expressions which contain complex numbers students forget that


  .  
Example 










	Learning Experience

	Standards for Mathematical Practice (SMP)
	Component
	Details

	
	Warm Up/Drill

	The following problems should be used for the Warm Up for this lesson.  The first three problems were selected to activate prior knowledge of operations on algebraic expressions. Problems  4,5, and 6 were selected to provide a segway into a discussion of about imaginary numbers.

Warm Up
Give students communicators or white boards. Display the following problems one at a time. Instruct students to complete the problem you display on their communicator or white board.  To complete a quick assessment of student prior knowledge, ask students to hold up their answers (Asking one row at a time to display their answers makes it easier to see each student’s answer) . If you notice as you look at student responses that students are making errors, take a moment to remind students of the correct process for completing the problem. Complete all six problems in this fashion.

1. 
Simplify 
2. 
Simplify 
3. 
Simplify 
4. 
Solve 
5. 
Solve  
6. 
Solve   

In Algebra I students have solved quadratic equations in one variable using factoring, completing the square and the quadratic formula.  What they did not do was solve quadratic equations which have complex solutions.  In the past if students had encountered a problem such as Problem 6 their answer would have been that the problem had “no real solutions”.  When students encounter Problem 6, tell them that the problem does indeed have solutions and that after today’s lesson that they will be able to provide those solutions. 

	
	Motivation
	After completing the Warm Up, instruct the students to keep their white boards/ communicators for the Motivation activity.  The purpose of the Motivation activity is to get students thinking about the fact that numbers which are the squares of numbers are positive and for that reason they have only been able to take the square root of positive numbers in the past. 
Mental Math Activity
Give students white boards/ communicators and work through the following problems.
As with the Warn Up, show only one problem at time. Ask students to write only the answer to the problem on their communicator and hold it up.  This should be done very quickly .


 (
When you get to
 the last problem, like the last problem in the Warm-Up
, you get to
 a 
problem that will help to stimulate a discussion of imaginary numbers.
)


	 
	Direct Instruction 
	Developing the Concept

Use the last number from the Motivation activity to begin a discussion of “Imaginary Numbers”  

A nice way to structure such a discussion is found at http://www.mathsisfun.com/numbers/imaginary-numbers.html

After defining imaginary numbers move to a discussion of complex numbers.  The following web page provides a model that you may use in your lesson but stop at the part that begins to discuss operations on complex numbers. 
http://www.mathsisfun.com/numbers/complex-numbers.html



	SMP # 6 Attend to precision.
Students will need to apply the definitions of the various number sets to provided numbers thus making explicit use of definitions. 
	Activity 1
	
After defining complex numbers, use the activity described in the Complex Number lesson seed which is attached to this document. This activity provides an interactive way of reviewing various number sets and how the newly introduced set of Complex Numbers fits in with prior knowledge of number sets.

This activity requires students to associate numbers with the appropriate number sets to which they belong.
 








	SMP #5 Use tools appropriately
Students should realize that a calculator is much more than a tool that performs calculations but is also a tool that allows them to explore and investigate as they analyze problems.
	Activity 2
	Investigation
Rather than just telling students the rules for operations on complex numbers, ask them to complete the activity found at Texas Instruments site shown below.  This activity requires students make use of a graphing calculator to discover the rules for adding, subtracting, multiplying and dividing complex numbers.  
Teacher version http://education.ti.com/xchange/US/Math/AlgebraII/10887/ComplexNumbers_Teacher.pdf

Student version 
http://education.ti.com/xchange/US/Math/AlgebraII/10887/ComplexNumbers_Student.pdf

After students have completed the activity, ask students to share their responses to the questions which deal with the rules for performing operations on Complex Numbers.  Conclude this portion of the lesson by displaying a final version of the rules for performing operations on Complex Numbers.

This learning experience promotes UDL Principle III Provide Multiple Means of Engagement. This activity calls for students to be active participants in their learning by completing an exploration and developing their own thoughts on the rules for performing operations on complex numbers.

	SMP #1Make sense of problems and persevere in solving them
This will give students a good opportunity to display some of the behaviors described in SMP #1, particularly the statement:  “Mathematically proficient students start by explaining to themselves the meaning of the problem and looking for entry points to its solution.” 

SMP #7 Look for and make use of structure.
 Mathematically proficient students look closely to discern a pattern or structure.
They can step back for an overview and shift perspective. They can see complicated things, such as some algebraic expressions, as single objects or as being composed of several objects.
	Activity 3


	Reinforcing the Concept

This activity is designed to be used after the students have a basic understanding of how to add, subtract, multiply and divide complex numbers. The structure of this activity will provide students with a different way of thinking about operations on complex numbers. 
· Display a simple complex number, such as 3+2i.  
· 

Ask the class to provide an equivalent representation of the complex expression provided.  Examples include:  (4+i)-(1-i),, etc.  

· After the class has an understanding of the task, break the class up into groups of 3 – 4 students and complete the following Rally Table activity. 

· Rally Table 

· Tell each group to get out one sheet of paper for all of the group members to use.

· Tell the groups that the person whose birthday is closest to today will be the first person to complete the task.

· Display a complex number.

· Instruct the person who has the piece of paper to write an equivalent representation for this number on the paper and then pass the paper to the person to the right.

· The next person then writes a different equivalent form of the number on the paper and then passes the paper to their right.

· This process continues for 3 minutes. 
 

· After time expires, each group will then share their answers in a “round – robin” format.  For each correct response the group will get one point.  The group with the most points at the end will be the “champ!”       

This activity adheres to UDL Principle I: Multiple Means of Representation by providing a learning experience which requires students to explore equivalent representations for a given expression.      


	SMP #7 Look for and make use of structure.
Students should notice the similarities in the structures of the two problems and be able to apply what they about performing operations on algebraic expressions to performing operations on complex numbers.

	Activity 4

	The following activity will allow students to draw parallels between operations on algebraic expressions and operations on complex numbers. 
How are the following problems the same? Different?
1. 

Simplify   versus Simplify 
2. 

Simplify  versus Simplify 
3. 

Simplify  versus Simplify 
4. 

Simplify  versus Simplify 
This activity adheres to UDL Principle I: Provide Multiple Means of Representation in that it provides a learning experience which allows students to make connections to the learners’ prior knowledge. 

	SMP #1Make sense of problems and persevere in solving them
This will give students a good opportunity to display some of the behaviors described in SMP #1, particularly the statement:  “Mathematically proficient students start by explaining to themselves the meaning of the problem and looking for entry points to its solution.” 
	Summary
	Ask students to complete the following problem as an Exit ticket.  Their responses will allow the teacher to see if they were able apply the knowledge from this lesson to another situation.  It would make sense that the next lesson will focus on solving quadratic equations with complex solutions.  

Exit Ticket

Use what you have learned in this lesson to provide the two solutions to .



	Supporting Information

	
	Details

	Materials
	White boards/communicators

	Technology
	TI graphing calculator

	Resources
(must be available to all stakeholders)
	· Worksheets found at the indicated websites. 
· Materials for attached lesson seed. 
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Lesson Seed/Complex Numbers used as the basis for the above lesson.
	Purpose/Big Idea: 
The activity in this lesson seed could be used as a warm up or guided practice.  This activity provides an interactive way of reviewing various number sets and how the newly introduced set of Complex Numbers fits in with prior knowledge of number sets.

This lesson seed requires students associate numbers with the appropriate number sets to which they belong.


	Materials:  
· Number System Venn diagram (attached)
· Index cards with a variety of numbers printed on them (examples below).
· Post Its


	Description of how to use the activity:  
1. Give each student a card that has a number on it (make sure to have enough cards so that each student has a card).
2. Randomly choose a number set (for example, “integers”) and ask students who are holding a card with a number that is a member of that set to stand up.  
3. Ask several students who are standing to share their number with the class.  Students in the class can help determine if the standing students are correct.  
4. The teacher should ask seated students to explain why their number is not in the set.  
5. After choosing several number sets, the teacher should conclude the activity by choosing “complex numbers.”  Every student should stand up.  Students who are not standing should be questioned to continue to develop their knowledge of number sets.
6. Instruct students to write their number on a Post It.
7. Project a copy of the attached Number System Venn diagram on the wall. 
8. Instruct students to come to the board and place their Post It which has their number written on it, in the appropriate spot on the projected Venn diagram.
9. Ask students if they agree with the placement of all of the numbers.  If there are any disagreements ask those students to identify which number they feel is misplaced and to explain why they believe it is misplaced.  You might actually ask a few students to incorrectly place their numbers on the Venn diagram.  This will help to promote an error analysis discussion as mentioned in SMP#3 Construct Viable Arguments and Critique the Reasoning of Others 
10. Optional:  On another day give the students a copy of the Venn diagram and ask them to write 5 numbers in each of the spaces on the Venn diagram. 
11. 

Extension:  Use expressions that need to be simplified, such as  or , when creating index cards.


	Guiding Questions: 
· While students are standing, ask “What is about your number that made you believe it belongs to the mentioned number set?” 

· What are the similarities and differences between some of the numbers in the sets? 

· 
Do any of you have numbers that are equivalent?  (such as )

· Do any of  you have numbers that would be considered to be conjugate pairs?

· For those of you who are not standing, “What is it about your number that makes you believe that it does not belong to the mentioned number set?”




Examples of numbers for the index card activity:  







2		0		3.1															








-10						1.42												










																		



-765		.00825							







 (
Complex Numbers
)
 (
         Complex Numbers that are NOT Real
) (
Real Numbers
)
 (
Imaginary Numbers
) (
Irrational Numbers
) (
Rational Numbers
)


 (
Integers
)
 (
Whole Numbers
)
 (
Counting Numbers
)
 (
Natural Numbers
)




 (
               Counting Numbers 
Whole Numbers
Integers
Rational Numbers
Real Numbers
Complex Numbers
)
 (
Irrational Numbers 
Real Numbers
Complex Numbers
)
oleObject2.bin

oleObject43.bin

image43.wmf
3

1


oleObject44.bin

image44.wmf
10

31


oleObject45.bin

image45.wmf
i

+

-

2


oleObject46.bin

image46.wmf
i

2

0

+


oleObject47.bin

image47.wmf
i

0

5

-


image3.wmf
2

1

i

=-


oleObject48.bin

image48.wmf
7


oleObject49.bin

image49.wmf
3

08

.


oleObject50.bin

image50.wmf
12

1


oleObject51.bin

image51.wmf
i

+

8


oleObject52.bin

image52.wmf
i

-

8


oleObject3.bin

oleObject53.bin

image53.wmf
3

3

+


oleObject54.bin

image54.wmf
3

3

-


oleObject55.bin

image55.wmf
5

2

6

-


oleObject56.bin

image56.wmf
3

4


oleObject57.bin

image57.wmf
2

2


image4.wmf
abi

+


oleObject58.bin

image58.wmf
Ì


oleObject59.bin

oleObject60.bin

oleObject61.bin

oleObject62.bin

oleObject63.bin

oleObject64.bin

oleObject65.bin

oleObject4.bin

image5.wmf
2

10

x

+=


oleObject5.bin

image6.wmf
x


oleObject6.bin

image7.wmf
0

x

³


oleObject7.bin

image8.wmf
2

1

i

=-


oleObject8.bin

image9.wmf
(

)

2

(23)

is left as 

23

instead of

2312332

ii

ii

iii

+

+

+-=-=-+


oleObject9.bin

image10.wmf
(

)

(

)

2143

xx

++--


oleObject10.bin

image11.wmf
(

)

(

)

1362

xx

--+


oleObject11.bin

image12.wmf
(

)

(

)

2315

xx

--+


oleObject12.bin

image13.wmf
2

4

x

=


oleObject13.bin

image14.wmf
2

90

x

-=


oleObject14.bin

oleObject15.bin

image15.wmf
(

)

(

)

1.22

2.22

11

3.

22

4.0.10.1

5.00

6.4

7.4

1

8.

4

9.0.01

10.0

11.4

´=

-´-=

æöæö

´=

ç÷ç÷

èøèø

´=

´=

=

-

=

-


oleObject16.bin

image16.wmf
96

3

i

+


oleObject17.bin

image17.wmf
(

)

1

64

2

i

+


oleObject18.bin

image18.wmf
(

)

(

)

232

xx

+-


oleObject19.bin

image19.wmf
(

)

(

)

232

ii

+-


oleObject20.bin

image20.wmf
(

)

(

)

232

xx

++-


oleObject21.bin

image21.wmf
(2)(32)

ii

++-


oleObject22.bin

image22.wmf
(

)

(

)

232

xx

+--


oleObject23.bin

image23.wmf
(2)(32)

ii

+--


oleObject24.bin

image24.wmf
32

2

x

x

-


oleObject25.bin

image25.wmf
32

2

i

i

-


oleObject26.bin

image26.wmf
2

10

x

+=


oleObject27.bin

image27.wmf
2

i


image1.wmf
2

10

x

+=


oleObject28.bin

image28.wmf
9


oleObject29.bin

image29.wmf
3

.

3

1

=


oleObject30.bin

image30.wmf
3

4


oleObject31.bin

image31.wmf
i

-

10


oleObject32.bin

image32.wmf
p


oleObject1.bin

oleObject33.bin

image33.wmf
5


oleObject34.bin

image34.wmf
i

6


oleObject35.bin

image35.wmf
2

1

-


oleObject36.bin

image36.wmf
3

9

i

+


oleObject37.bin

image37.wmf
2

p


image2.wmf
i


oleObject38.bin

image38.wmf
3

.


oleObject39.bin

image39.wmf
i

7

-


oleObject40.bin

image40.wmf
3

i


oleObject41.bin

image41.wmf
3

1

8


oleObject42.bin

image42.wmf
13

9

-


